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Serre conjectured in [13] that every continuous, irreducible odd representation

ρ : GQ → GL2(Fp)

arises from a modular form. Moreover he refines the conjecture by specifying an
optimal weight and level for a Hecke eigenform giving rise to ρ. Viewing Serre’s
conjecture as a manifestation of Langlands’ philosophy in characteristic p, this
refinement can be viewed as a local-global compatibility principle, the weight of
the form reflecting the behavior of ρ at p, the level reflecting the behavior at primes
other than p. The equivalence between the “weak” conjecture and its refinement
(for ` > 2) follows from work of Ribet [11] and others (see [6]). Remarkable progress
has recently been made on the conjecture itself by Khare and Wintenberger; see
for example Khare’s article in this volume.

Serre’s conjecture is generalized in [5] to the context of Hilbert modular forms
and two-dimensional representations of GK where K is a totally real number field
in which p is unramified. The difficulty in formulating the refinement lies in the
specification of the weight. This is handled in [5] by giving a recipe for a set Wp(ρ)
of irreducible Fp-representations of GL2(OK/p) for each prime p|p in terms of ρ|Ip ;
the sets Wp(ρ) then conjecturally characterize the types of local factors at primes
over p of automorphic representations giving rise to ρ. We omit the subscript p
since we shall be concerned only with local behavior, so now K will denote a finite
unramified extension of Qp with residue field k.

The purpose of the paper is to prove that if the local Galois representation is
semisimple, then W (ρ) is essentially the set of Jordan-Hölder constituents of the
reduction of an irreducible characteristic zero representation of GL2(k). Moreover,
denoting this representation α(ρ) we obtain

Theorem 0.1. There is a bijection

{ρ : GK −→ GL2(Fp)}/ ∼ of ρ|ssIK

α l

{irreducible Qp-representations of GL2(k) not factoring through det}/ ∼
such that W (ρss) contains the set of Jordan-Hölder factors of the reduction of α(ρ).

Moreover, the last inclusion is typically an equality and one can explicitly de-
scribe the exceptional weights. We remark that the local Langlands correspondence
also gives rise to a bijection between the sets in the theorem by taking the K-type
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corresponding to a tamely ramified lift of ρ. The bijection of the theorem however
has a different flavor. Indeed if [k : Fp] is odd, then irreducible ρ correspond to
principal series and special representations, while reducible ρ correspond to super-
cuspidal ones.

A generalization of Serre’s Conjecture to the setting of GLn was formulated by
Ash and others in [1], [2], and Herzig’s thesis [8] pursues the idea of relating the
set of Serre weights of a semi-simple ρ : GQp

→ GLn(Fp) to the reduction of an
irreducible characteristic zero representation of GLn(Fp). However Herzig shows
that the phenomenon described in Theorem 0.1 does not persist for n > 2; instead
he defines an operator R on the irreducible mod p representations of GLn(Fp) and
shows that the regular (i.e., up to certain exceptions) Serre weights of ρ are given
by applying R to the constituents of the reduction of a certain characteristic zero
representation V (ρ). Herzig also show that such a relationship holds in the context
of GL2(k). Moreover, the association ρ 7→ V (ρ) appears to be compatible with
the local Langlands correspondence in the sense described above. In this light,
Theorem 0.1 can be viewed as saying that Herzig’s operator R typically sends the
set of irreducible constituents of the reduction of one Qp-representation of GL2(k)
to those of another.

One can also view Theorem 0.1 in the context of the theory of mod p and p-
adic local Langlands correspondences being developed by Breuil and others (see [3],
[4], [7]). In particular, one would like a mod p local Langlands correspondence to
associate a mod p representation of GL2(K) to ρ, and local-global compatibility
considerations suggest that the set of Serre weights comprise the constituents of
its GL2(OK)-socle. One would also like a p-adic local Langlands correspondence
associating p-adic representations of GL2(K) to suitable lifts of ρ, and satisfying
some compatibility with the mod p correspondence with respect to reduction. One
can thus speculate that the theorem reflects some property of the hypothetical
p-adic correspondence for GL2.

The paper is organized as follows: In Section 1, we compute the semisimplifica-
tion of the reduction mod p of the irreducible characteristic zero representations of
GL2(k). The main theorem is proved in Section 2, and the exceptional weights are
described in Section 3 for the sake of completeness.

The author is grateful to Florian Herzig, Richard Taylor and the referee for their
feedback on an earlier draft.

1. A Brauer character computation

We first recall the irreducible Qp-representations of G = GL2(k) (see for example
[9, Ch. 28] or [10, XVIII, §12]).

Let B denote the subgroup of upper-triangular matrices in G. For a pair of
homomorphisms χ1, χ2 : k× → Q×

, we let I(χ1, χ2) denote the q + 1-dimensional
representation of G induced from the character of B defined by(

x w
0 y

)
7→ χ1(x)χ2(y).

I(χ1, χ2) ∼ I(χ′1, χ
′
2) if and only if {χ1, χ2} = {χ′1, χ′2}. If χ1 6= χ2, then I(χ1, χ2)

is irreducible. I(χ, χ) ∼ χ◦det⊕spχ for an irreducible q-dimensional representation
spχ.
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The remaining irreducible Q-representations of G are parametrized as follows.
Let k′ be a quadratic extension of k, σ the non-trivial k-automorphism of k′ and
Nm the norm from k′ to k. For each homomorphism ξ : k′× → Q×

such that
ξ 6= ξ ◦ σ, there is an irreducible (q − 1)-dimensional Q-representation Θ(ξ) of G,
and Θ(ξ) ∼ Θ(ξ′) if and only if ξ′ ∈ {ξ, ξ ◦ σ}. Moreover for any homomorphism
χ : k× → Q×

, we have (χ ◦ det)Θ(ξ) ∼ Θ((χ ◦Nm)ξ)).
Letting i denote a k-algebra embedding k′ → M2(k), the character table of G is

as follows:

Representation
Conjugacy
class of: χ ◦ det spχ I(χ1, χ2) Θ(ξ)(
x 0
0 x

)
χ(x)2 qχ(x)2 (q + 1)χ1(x)χ2(x) (q − 1)ξ(x)(

x 1
0 x

)
χ(x)2 0 χ1(x)χ2(x) −ξ(x)(

x 0
0 y

)
6∈ k× χ(xy) χ(xy) χ1(x)χ2(y) + χ1(y)χ2(x) 0

i(z) 6∈ k× χ(zzσ) −χ(zzσ) 0 −ξ(z)− ξ(zσ)

Next we recall the irreducible Fp-representations of GL2(k). Let S = k(Fp), the
set of embeddings k → Fp. For integers mτ , nτ with nτ ≥ 0 for each τ ∈ S, we
have the representation

V~m,~n = ⊗τ∈S det mτ k2 ⊗k Symnτ−1k2 ⊗k,τ Fp.

We make the convention that Sym−1 = 0, so that V~m,~n has dimension
∏

τ∈S nτ . If
1 ≤ nτ ≤ p for all τ , then V~m,~n is irreducible; assuming further that 0 ≤ mτ ≤ p−1
for each τ and some mτ < p−1, then the V~m,~n are inequivalent and form a complete
list of the irreducible Fp-representations of GL2(k).

Recall that the semisimplification of an Fp-representation of G is determined
by its Brauer character, which is a Qp-valued function on the p-regular conjugacy
classes of G (see [12, 18.1, 18.2] for example). Letting ˜ denote the Teichmüller lift,
the Brauer character of V~m,~n , which we denote β~m,~n, is as follows:(

x 0
0 y

) ∏
τ∈S

(
τ̃(xy)mτ

∑
0≤ν≤nτ−1 τ̃(y)ν τ̃(x)nτ−1−ν

)
i(z) 6∈ k×

∏
τ∈S

(
τ̃ ′(z)(q+1)mτ

∑
0≤ν≤nτ−1 τ̃ ′(z)nτ−1+(q−1)ν

)
where τ ′ denotes either extension of τ to k′.

If V is a finite-dimensional Qp-representation of G, then there exists a Zp-lattice
L ⊂ V stable under the action of G. Reducing L modulo the maximal ideal of Zp

then yields an Fp-representation L of G whose Brauer character is the restriction of
the character of V to the p-regular classes of G. In particular, the semisimplification
of L is independent of the choice of lattice L, and we denote it V and call it the
reduction of V .

We now compute V for all irreducible V (i.e., the decomposition matrix of G

with respect to reduction mod p). First note that any homomorphism χ : k× → Q×
p
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can be written in the form
∏

τ τ̃aτ for some integers aτ with 0 ≤ aτ ≤ p − 1, in
which case χ =

∏
τ τaτ . Moreover, if V ′ ∼ (χ ◦ det)⊗ V , then V

′ ∼ (χ ◦ det)⊗ V ,
so we can replace V by such a twist in order to compute its reduction.

We first consider the representations I(χ1, χ2). Twisting by χ−1
1 ◦ det, we need

only consider those of the form I(1, χ). The reduction is then given by the following
proposition:

Proposition 1.1. Let V = I(1,
∏

τ τ̃aτ ) with 0 ≤ aτ ≤ p− 1 for each τ ∈ S. Then
V ∼ ⊕J⊂SVJ , where VJ = V~mJ ,~nJ

with ~mJ and ~nJ defined as follows:

mJ,τ =
{

0, if τ ∈ J ,
aτ + δJ(τ), if τ 6∈ J ,

and nJ,τ =
{

aτ + δJ(τ), if τ ∈ J ,
p− aτ − δJ(τ), if τ 6∈ J ,

where δJ is the characteristic function of J (p) = { τ ◦ Frob | τ ∈ J }. Moreover the
non-zero VJ are inequivalent.

Proof. We need to show that the sum of the β~mJ ,~nJ
coincides with the character

of V on p-regular conjugacy classes.

We first consider conjugacy classes of elements of the form
(

x 0
0 y

)
with x, y ∈ k.

Let us choose an embedding τ0 : k → Fp and index the elements of S by setting
τi = τ ◦ Frobi

p for i ∈ Z/fZ. We then have

β~m,~n

((
x 0
0 y

))
= x̃

Pf−1
i=0 mip

i

ỹ
Pf−1

i=0 mip
i ∑

~0≤~ν≤~n−~1

ỹ
Pf−1

i=0 νip
i

x̃
Pf−1

i=0 (ni−1−νi)p
i

= x̃
Pf−1

i=0 (2mi+ni−1)pi ∑
~m≤~b≤~m+~n−~1

(ỹ/x̃)
Pf−1

i=0 bip
i

,

where we have simply written mi for mτi
, ni for nτi

and w̃ for τ̃0(w). (We also
abuse notation in viewing i as an integer when it appears as an exponent of p and
as a congruence class when it appears as an index.) Taking (~m,~n) = (~mJ , ~nJ) and
viewing J ⊂ {0, 1, . . . , f − 1}, we have
(1)∑f−1

i=0 (2mi + ni − 1)pi =
∑

i∈J(ai − 1 + δJ(i))pi +
∑

i 6∈J(ai − 1 + δJ(i) + p)pi

= (1− δJ(0))(q − 1) +
∑f−1

i=0 aip
i,

so that x̃
Pf−1

i=0 (2mi+ni−1)pi

= x̃
Pf−1

i=0 aip
i

, giving

β~mJ ,~nJ

((
x 0
0 y

))
= x̃

Pf−1
i=0 aip

i

(∑
d∈BJ

(ỹ/x̃)d

)
where

(2) BJ =

{
d =

f−1∑
i=0

bip
i

∣∣∣∣ 0 ≤ bi < ai + δJ(i), if i ∈ J ,
ai + δJ(i) ≤ bi < p, if i 6∈ J

}
.

Note that if d ∈ BJ , then 0 ≤ d ≤ q − 1. Since the only dependence relation
among the functions w 7→ w̃d on k× for 0 ≤ d ≤ q − 1 is that w̃0 = w̃q−1, we see
that VJ = 0 if and only if BJ = ∅. Moreover if VJ ∼ VJ′ , then either BJ = BJ′ or
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one is gotten from the other by replacing 0 by q − 1. One sees easily that the first
case implies that either BJ = ∅ or J = J ′, and that the second is impossible. We
thus conclude that the the non-zero V~mJ ,~nJ

are inequivalent.
To complete the proof of the proposition, we use another description of the BJ :

Lemma 1.2. Suppose that 0 ≤ d ≤ q−1. Write d =
∑f−1

i=0 bip
i with 0 ≤ bi ≤ p−1

for each i ∈ Z/fZ. If d 6=
∑f−1

i=0 aip
i, then

d ∈ BJ ⇐⇒ J =

{
j ∈ Z/fZ

∣∣∣∣∣
f−1∑
i=0

bi+j+1p
i <

f−1∑
i=0

ai+j+1p
i

}
.

Furthermore, d =
∑

aip
i ∈ BJ if and only if J = S or J = ∅.

Proof. First note that if d =
∑f−1

i=0 bip
i 6=

∑f−1
i=0 aip

i, then

f−1∑
i=0

bi+j+1p
i <

f−1∑
i=0

ai+j+1p
i if and only if bj−r < aj−r

where r ∈ {0, . . . , f−1} is chosen so that bj−r 6= aj−r, bj−r+1 = aj−r+1, . . . , bj = aj .
Indeed if bj−r < aj−r, then

bjp
f−1 + bj−1p

f−2 + · · ·+ bj+1 < bjp
f−1 + bj−1p

f−2 + · · ·+ bj−rp
f−1−r + pf−1−r

≤ ajp
f−1 + aj−1p

f−2 + · · ·+ aj−rp
f−1−r

≤ ajp
f−1 + aj−1p

f−2 + · · ·+ aj+1.

Now suppose that d =
∑f−1

i=0 bip
i ∈ BJ and j ∈ J . Then bj ≤ aj and if equality

holds then j − 1 ∈ J , so bj−1 ≤ aj−1. Iterating, we find that either d =
∑f−1

i=0 aip
i

and J = S, or that

bj−r < aj−r, bj−r+1 = aj−r+1, . . . , bj = aj , for some r ∈ {0, . . . , f − 1},

yielding the desired inequality. The case j 6∈ J is similar.
Conversely, suppose that d 6=

∑f−1
i=0 aip

i and J is given by the formula in
the statement of the lemma. If j ∈ J , then we have bj−r < aj−r, bj−r+1 =
aj−r+1, . . . , bj = aj , for some r ∈ {0, . . . , f − 1}, so either bj < aj , or bj = aj

and the inequality for j − 1 gives j − 1 ∈ J . In either case we have bj < aj + δJ(j).
Similarly we find that j 6∈ J implies that aj + δJ(j) ≤ bj . Finally, it is clear that∑f−1

i=0 aip
i is in both B∅ and BS . �

Returning to the proof of Proposition 1.1, the lemma gives

∑
J

(∑
d∈BJ

(ỹ/x̃)d

)
= (ỹ/x̃)

Pf−1
i=0 aip

i

+
q−1∑
d=0

(ỹ/x̃)d =
{

1 + q if ỹ = x̃,
1 + (ỹ/x̃)

Pf−1
i=0 aip

i

if ỹ 6= x̃,

from which it follows that∑
J

β~mJ ,~nJ

((
x 0
0 y

))
=
{

(q + 1)
∏

τ τ̃(x)aτ , if y = x,∏
τ τ̃(x)aτ +

∏
τ τ̃(y)aτ , if y 6= x.
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Now consider conjugacy classes of elements of the form i(z) for z 6∈ k×. Choosing
an embedding τ ′0 of k extending τ0 and writing z̃ for τ̃ ′0(z), we have

β~m,~n(i(z)) = z̃
Pf−1

i=0 (q+1)mip
i ∑

~0≤~ν≤~n−~1

z̃
Pf−1

i=0 (ni−1+(q−1)νi)p
i

= z̃
Pf−1

i=0 (2mi+ni−1)pi ∑
~m≤~b≤~m+~n−~1

z̃(q−1)
Pf−1

i=0 bip
i

.

Summing over J and using (1) then gives

∑
J

β~mJ ,~nJ
(i(z)) = z̃

Pf−1
i=0 aip

i

z̃(q−1)(1−δJ (0))
∑

J

(∑
d∈BJ

z̃(q−1)d

)

= z̃
Pf−1

i=0 aip
i

 ∑
J3f−1

(∑
d∈BJ

z̃(q−1)d

)
+
∑

J 63f−1

(∑
d∈BJ

z̃(q−1)(1+d)

) ,

where BJ is as in (2). According to Lemma 1.2, the values of d 6=
∑f−1

i=0 aip
i con-

tributing to the first sum are those with 0 ≤ d <
∑f−1

i=0 aip
i, the values contributing

to the second are those with
∑f−1

i=0 aip
i < d ≤ q− 1, and there is one occurrence of∑f−1

i=0 aip
i in each. It follows that

∑
J

β~mJ ,~nJ
(i(z)) = z̃

Pf−1
i=0 aip

i
q∑

d=0

z̃(q−1)d = 0,

since z̃q−1 6= 1, but z̃q2−1 = 1. This completes the proof of Proposition 1.1. �

Note that when χ is trivial, so V ∼ det⊕sp, the proposition gives V ∼ V~0,~1⊕V~0,~p,
the first factor being the reduction of det and the second being that of sp. If χ is
non-trivial, then I(1, χ) is irreducible and its reduction is given by the proposition.

Now we turn our attention to the (q − 1)-dimensional representations Θ(ξ).
Choosing τ ′0 : k′ → Fp as in the proof of the theorem, we can write ξ = (τ̃ ′0)

n

for some n, determined mod q2 − 1. Since ξ 6= ξ ◦ σ, we have that n is not
divisible by q + 1 and can therefore be written in the form α + (q + 1)β with
1 ≤ α ≤ q, 0 ≤ β ≤ q − 2. Twisting by τ̃0

−β ◦ det, we can assume n = α and
write ξ = τ̃ ′0

∏f−1
i=0 (τ̃ ′i)

aτi where τ ′i = τ ′0 ◦ Frobi
p, τi = τ ′i |k and 0 ≤ aτi

≤ p − 1 for
i = 0, . . . , f − 1.

Proposition 1.3. Let V = Θ
(
τ̃ ′0
∏f−1

i=0 (τ̃ ′i)
aτi

)
with 0 ≤ aτ ≤ p−1 for each τ ∈ S.

Then V ∼ ⊕J⊂SVJ , where VJ = V~mJ ,~nJ
with ~mJ and ~nJ defined as follows:

mJ,τ =


δJ(τ), if τ = τ0 ∈ J ,
aτ + 1, if τ = τ0 6∈ J ,
0, if τ ∈ J , τ 6= τ0,
aτ + δJ(τ), if τ 6∈ J , τ 6= τ0,

and nJ,τ =


aτ + 1− δJ(τ), if τ = τ0 ∈ J ,
p− aτ − 1 + δJ(τ), if τ = τ0 6∈ J ,
aτ + δJ(τ), if τ ∈ J , τ 6= τ0,
p− aτ − δJ(τ), if τ 6∈ J , τ 6= τ0,
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where δJ is the characteristic function of J (p) = { τ ◦ Frob | τ ∈ J }. Moreover the
non-zero VJ are inequivalent.

Proof. Taking (~m,~n) = (~mJ , ~nJ) as in (1) now gives

(3)
f−1∑
i=0

(2mi + ni − 1)pi = 1 + (1− δJ(0))(q − 1) +
f−1∑
i=0

aip
i,

so that

β~mJ ,~nJ

((
x 0
0 y

))
= x̃1+

Pf−1
i=0 aip

i

∑
d∈B′

J

(ỹ/x̃)d

 ,

where

(4) B′
J =

 d =
f−1∑
i=0

b′ip
i

∣∣∣∣∣∣∣∣
δJ(0) ≤ b′0 < a0 + 1, if 0 ∈ J ,
a0 + 1 ≤ b′0 < p + δJ(0), if 0 6∈ J ,
0 ≤ b′i < ai + δJ(i), if i ∈ J , i 6= 0,
ai + δJ(i) ≤ b′i < p, if i 6∈ J , i 6= 0

 .

Note that if d ∈ B′
J , then 1 ≤ d ≤ q − 1. Since there are no dependence rela-

tions among the functions w 7→ w̃d on k× for such d, we see as in the proof of
Proposition 1.1 that the non-zero VJ are inequivalent.

Lemma 1.4. Suppose that 1 ≤ d ≤ q−1. Write d =
∑f−1

i=0 bip
i with 0 ≤ bi ≤ p−1

for each i ∈ Z/fZ. If d ≤
∑f−1

i=0 aip
i, then

d ∈ B′
J ⇐⇒ J =

{
j ∈ {0, . . . , f − 1}

∣∣∣∣∣ 0 <

j∑
i=0

bip
i ≤

j∑
i=0

aip
i

}
.

If
∑f−1

i=0 aip
i < d, then

d ∈ B′
J ⇐⇒ J =

{
j ∈ {0, . . . , f − 1}

∣∣∣∣∣
j∑

i=0

bip
i ≤

j∑
i=0

aip
i

}
.

Proof. Write d =
∑f−1

i=0 b′ip
i with δJ(0) ≤ b′0 < p + δJ(0), and 0 ≤ b′i < p for

i = 1, . . . , f−1. We then have (b′0, b
′
1, . . . , b

′
f−1) = (b0, b1, . . . , bf−1) unless f−1 ∈ J

and b0 = 0, in which case

(b′0, b
′
1, . . . , b

′
f−1) = (p, p− 1, . . . , p− 1, br − 1, br+1, . . . , bf−1)

where r is the least positive integer such that br > 0. It follows that if f − 1 ∈ J ,
then

0 <

j∑
i=0

bip
i ≤

j∑
i=0

aip
i ⇐⇒

j∑
i=0

b′ip
i ≤

j∑
i=0

aip
i.

If d ∈ B′
J , then we have

(5) j ∈ J ⇐⇒
j∑

i=0

b′ip
i ≤

j∑
i=0

aip
i

for j = 0, . . . , f − 1 by induction on j. In particular, f − 1 is in J if and only if
d ≤

∑f−1
i=0 aip

i, and (5) translates into the desired formula for B′
J in either case.
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Suppose conversely that J is as defined in the statement of the lemma. In
particular, f−1 is in J if and only if d ≤

∑f−1
i=0 aip

i, so (5) holds for j = 0, . . . , f−1.
Therefore b′0 ≤ a0 if and only if 0 ∈ J , and we deduce that

j ∈ J ⇐⇒ b′j < aj + δJ(j)

for j = 1, . . . , f − 1 by induction. It follows that d ∈ B′
J . �

Returning to the proof of Proposition 1.3, the lemma gives

∑
J

∑
d∈B′

J

(ỹ/x̃)d

 =
q−1∑
d=1

(ỹ/x̃)d =
{

q − 1 if ỹ = x̃,
0 if ỹ 6= x̃,

since (ỹ/x̃)q−1 = 1. It follows that∑
J

β~mJ ,~nJ

((
x 0
0 y

))
=
{

(q − 1)ξ(x), if y = x,
0, if y 6= x.

where ξ = τ̃ ′0
∏f−1

i=0 (τ̃ ′i)
aτi .

Now for conjugacy classes of elements of the form i(z) for z 6∈ k×, we have

∑
J

β~mJ ,~nJ
(i(z)) = z̃1+

Pf−1
i=0 aip

i

z̃(q−1)(1−δJ (0))
∑

J

∑
d∈B′

J

z̃(q−1)d


= z̃1+

Pf−1
i=0 aip

i

 ∑
J3f−1

∑
d∈B′

J

z̃(q−1)d

+
∑

J 63f−1

∑
d∈B′

J

z̃(q−1)(1+d)

 ,

where B′
J is as in (4). According to Lemma 1.4, the values of d contributing to the

first sum are those with 1 ≤ d ≤
∑f−1

i=0 aip
i, the values contributing to the second

are those with
∑f−1

i=0 aip
i < d ≤ q − 1. It follows that∑

J

β~mJ ,~nJ
(i(z)) = z̃1+

Pf−1
i=0 aip

i

(
−1− z̃(q−1)(1+

Pf−1
i=0 aip

i) +
q∑

d=0

z̃(q−1)d

)
= −z̃1+

Pf−1
i=0 aip

i

− z̃q(1+
Pf−1

i=0 aip
i)

= −ξ(z)− ξ(zσ).

This completes the proof of Proposition 1.3.
�

2. The correspondence

In this section we construct the bijection of Theorem 0.1. Let ω0 and ω′0 denote
fundamental characters IK → F×p corresponding to embeddings τ0 : k → Fp and
τ ′0 : k′ → Fp chosen as in the preceding section. Thus ω′0 has order q2 − 1, and
ω0 = (ω′0)

q+1. If ρ : GK → GL2(Fp) is a continuous representation, then ρ|ssIK
is

equivalent to one of the form

ωr
0 ⊕ ωs

0 for some r, s ∈ Z,
or (ω′0)

t ⊕ (ω′0)
qt for some t ∈ Z not divisible by q + 1,

according to whether or not ρ is reducible.
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In [5], the weight part of an analogue of Serre’s conjecture is formulated over
totally real fields by defining a set W (ρ) of irreducible Fp-representations of GL2(k).
We recall the definition in the easiest case, when ρ|IK

is semi-simple. In the case
ρ ∼ ωr

0 ⊕ ωs
0, then we define W (ρ) by the rule

V~m,~n ∈ W (ρ) ⇐⇒

{
r ≡

∑f−1
i=0 mip

i +
∑

i∈J∗ nip
i mod (q − 1),

s ≡
∑f−1

i=0 mip
i +
∑

i 6∈J∗ nip
i mod (q − 1),

for some J∗ ⊂ S

(where as usual, mi = mτi with τi = τ0 ◦ Frobi). In the case ρ ∼ (ω′0)
t ⊕ (ω′0)

qt for
some c 6≡ 0 mod (q + 1), we let S′ = {0, 1, . . . , 2f − 1} and define π : S′ → S by
reduction mod f . We then define W (ρ) by

V~m,~n ∈ W (ρ) ⇐⇒
{

t ≡
∑f−1

i=0 (q + 1)mip
i +
∑

i∈J∗ nip
i mod (q2 − 1)

for some J∗ ⊂ S′ such that π : J∗
∼→ S.

Let RI denote the set of equivalence classes of Qp-representations of IK as above;
note that there are (q2 − q)/2 of each type. Let RG denote the set of equivalence
classes of representations of GL2(k) of the form I(χ1, χ2) or Θ(ξ); note that there
are (q2 − q)/2 of each of these as well. Recall that if V is a Qp representation of
GL2(k), then V denotes the semi-simplification of its reduction modulo the maximal
ideal of Zp.

Theorem 2.1. There is a bijection β : RG → RI such that if ρ : GK → GL2(Fp)
restricts to β(V ) on IK and V~m,~n is an irreducible subrepresentation of V , then
V~m,~n ∈ W (ρ).

Note that Theorem 0.1 follows from Theorem 2.1 on replacing I(χ, χ) by its
q-dimensional irreducible subrepresentation and setting α(ρ) = β−1(ρ|ssIK

).

Proof. We first define β for the representations considered in Propositions 1.1
and 1.3. Suppose that b0, . . . , bf−1 are integers with 1 ≤ bi ≤ p. If f is odd, then
we let

β(I(1, τ̃
Pf−1

i=0 (bi−1)pi

0 )) = (ω′0)
b0+b2p2+···+bf−1pf−1+b1pf+1+···+bf−2p2f−2

⊕(ω′0)
b1p+b3p3+···+bf−2pf−2+b0pf +b2pf+2+···+bf−1p2f−1

and β(Θ((τ̃ ′0)
1+

Pf−1
i=0 (bi−1)pi

)) = ω
b0+b2p2+···+bf−1pf−1

0 ⊕ ω
1+b1p+b3p3+···+bf−2pf−2

0

If f is even, then we let

β(I(1, τ̃
Pf−1

i=0 (bi−1)pi

0 )) = ω
b0+b2p2+···+bf−2pf−2

0 ⊕ ω
b1p+b3p3+···+bf−1pf−1

0

and β(Θ((τ̃ ′0)
1+

Pf−1
i=0 (bi−1)pi

)) = (ω′0)
b0+b2p2+···+bf−2pf−2+pf +b1pf+1+···+bf−1p2f−1

⊕(ω′0)
1+b1p+b3p3+···+bf−1pf−1+b0pf +b2pf+2+···+bf−2p2f−2

.

There is no ambiguity in replacing b0 = · · · = bf−1 = 1 with b0 = · · · = bf−1 = p

in the formula for β(I(1, τ̃
Pf−1

i=0 (bi−1)pi

0 )) as it just exchanges the two characters in
the sum. We also need to check that the exponents of ω′0 are not divisible by q +1.



10 FRED DIAMOND

This follows from the fact that if f is odd, then

(6)

b0 + b2p
2 + · · ·+ bf−1p

f−1 + b1p
f+1 + · · ·+ bf−2p

2f−2

≡ b0 − b1p + b2p
2 − . . .− bf−2p

f−2 + bf−1p
f−1 mod q + 1

and 1 ≤ b0 − b1p + b2p
2 − . . .− bf−2p

f−2 + bf−1p
f−1 ≤ q,

and if f is even, then

(7)

b0 + b2p
2 + · · ·+ bf−2p

f−2 + pf + b1p
f+1 + · · ·+ bf−1p

2f−1

≡ −1 + b0 − b1p + b2p
2 − . . .− bf−2p

f−2 − bf−1p
f−1 mod q + 1,

and 1− q ≤ b0 − b1p + b2p
2 − . . .− bf−2p

f−2 − bf−1p
f−1 ≤ 0.

We extend β to all of RG by twisting. If χ : k× → Q×
p is a character, then

we let β(χ) denote the character IK → F×p corresponding to χ by local class field
theory, i.e., if χ = τ̃ r

0 , then β(χ) = ωr
0. Any representation in RG can be written in

the form (χ ◦ det) ⊗ V for some χ and some V for which we have already defined
β(V ). We then let β((χ ◦ det) ⊗ V ) = β(χ) ⊗ β(V ). We need to check there is
no ambiguity in the definition. If χ1 6= χ2, then I(χ1, χ2) has two expressions
of the above form, namely (χ2 ◦ det) ⊗ I(1, χ) and (χ2χ ◦ det) ⊗ I(1, χ−1), so it

suffices to check that β(I(1, χ)) = β(χ) ⊗ β(I(1, χ−1)). If χ = τ̃
Pf−1

i=0 (bi−1)pi

0 with

each bi ∈ {1, . . . , p}, then χ−1 = τ̃
Pf−1

i=0 (b′i−1)pi

0 where b′i = p + 1 − bi. It is then
straightforward to check that replacing β(I(1, χ)) with β(χ)β(I(1, χ−1)) simply
interchanges the two characters of IK . Similarly each Θ(ξ) has two expressions
as above, given explicitly by twisting the identity Θ(ξ) ∼ (χ ◦ det) ⊗ Θ(ξ′) where

ξ = (τ̃ ′0)
1+

Pf−1
i=0 (bi−1)pi

, ξ′ = (τ̃ ′0)
1+

Pf−1
i=0 (b′i−1)pi

and χ = τ̃
Pf−1

i=0 (bi−1)pi

0 with each
bi ∈ {1, . . . , p} and b′i = p + 1 − bi. We find that β(Θ(ξ)) = β(χ) ⊗ β(Θ(ξ′)), the
characters of IK again being interchanged.

Since RI and RG have the same cardinality, it suffices to show that β is surjective
in order to conclude it is a bijection. Therefore it suffices to show that every repre-
sentation in RI is a twist of one of the form β(V ) for some V as in Proposition 1.1
or 1.3. For representations of the form (ω′0)

t⊕ (ω′0)
qt, this follows from (6) and (7).

Indeed since the values of b0 − b1p + · · · ± bf−1p
f−1 are distinct, we see that there

is an exponent in every non-zero congruence class mod q + 1. For representations
of the form ωr ⊕ωs, it suffices to note similarly that r− s mod (q− 1) arises as the
difference of exponents of ω0 for some β(V ).

Suppose now that ρ : GK → GL2(Fp) restricts to β(V ) on IK . To prove the
assertion about W (ρ), we can twist V by χ◦det and ρ by a character restricting to
β(χ) and so assume V is as in Proposition 1.1 or 1.3. We now need to show that
each non-zero V~mJ ,~nJ

is in W (ρ).

Suppose first that V = I(1, τ̃
Pf−1

i=0 (bi−1)pi

0 ) with each bi ∈ {1, . . . , p} and f is
odd. Given J , we let J ′ = { j ∈ S′ | j ≡ i mod f for some i ∈ J }, J ′0 = { j ∈
S′ | j is even }, J ′1 = { j ∈ S′ | j is odd } and J∗ = (J ′0 ∩ J ′) ∪ (J ′1 \ J ′). We then
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have π : J∗
∼→ S and

∑f−1
i=0 (q + 1)mJ,ip

i +
∑

i∈J∗ nJ,ip
i is congruent mod q2− 1 to∑

i 6∈J′

(bi − 1 + δJ(i))pi +
∑

i∈J′0∩J′

(bi − 1 + δJ(i))pi +
∑

i∈J′1\J′
(p− bi + 1− δJ(i))pi

≡
∑
i∈J′0

(bi − 1 + δJ(i))pi +
∑

i∈J′1\J′
pi+1

≡
∑
i∈J′0

bip
i mod (q2 − 1)

since
∑

i∈J′0
(δJ(i)− 1)pi ≡

∑
i∈J′1\J′

pi+1. It follows that V~mJ ,~nJ
∈ W (ρ).

If V = Θ((τ̃ ′0)
1+

Pf−1
i=0 (bi−1)pi

) and f is even, then we proceed exactly as above,
but with J ′0 = {0, 2, . . . , f−2, f+1, f+3, . . . , 2f−1} and J ′1 = S′\J ′0. The remaining

cases are similar, but simpler. If V = I(1, τ̃
Pf−1

i=0 (bi−1)pi

0 ) (resp. Θ((τ̃ ′0)
1+

Pf−1
i=0 (bi−1)pi

))
and f is even (resp. odd), we let J0 = { j ∈ S | j is even }, J1 = { j ∈ S | j is odd }
and J∗ = (J0 ∩ J) ∪ (J1 \ J). In each case a calculation similar to the one above
shows that V~mJ ,~nJ

∈ W (ρ). �

3. Exceptional weights

Let β be the bijection of Theorem 2.1, and suppose throughout the section that
ρ : GK → GL2(Fp) restricts to β(V ) on IK . We say that V~m,~n is an exceptional
weight for ρ (or V ) if it lies in the complement in W (ρ) of the set of constituents of
V . In this section we characterize the exceptional weights. We first give a sufficient
condition for there to be none.

Theorem 3.1. Suppose V = I(τ̃ c
0 , τ̃a+c

0 ) with a =
∑f−1

i=0 aip
i. If f is odd and

1 ≤ ai ≤ p − 2 for each i, then there are no exceptional weights for V . If f is
even and a ≡ ± q−1

p+1 mod (q − 1) or 1 ≤ ai ≤ p − 2 for each i, then there are no
exceptional weights for V unless a ≡ ±2 q−1

p+1 mod (q − 1), in which case the only
exceptional weights are those V~m,~n ∈ W (ρ) with ~n = ~p.

Suppose V = Θ((τ̃ ′0)
1+a+c(q+1)) with a =

∑f−1
i=0 aip

i. If f is even and 1 ≤
ai ≤ p− 2 for each i, then there are no exceptional weights for V . If f is odd and
1+a ≡ ± q+1

p+1 mod (q+1) or 1 ≤ ai ≤ p−2 for each i, then there are no exceptional
weights for V unless 1+a ≡ ±2 q+1

p+1 mod (q +1), in which case the only exceptional
weights are those V~m,~n ∈ W (ρ) with ~n = ~p.

We remark that the special cases in the statement are precisely those where ρ is
the sum of two characters whose ratio is trivial or cyclotomic on inertia.
Proof. We first treat the cases where 1 ≤ ai ≤ p − 2 for each i. In this case the
V~mJ ,~nJ

of Propositions 1.1 and 1.3 are all non-zero, so V has 2f constituents. If
β(V ) is irreducible, then Proposition 3.1 of [5] shows that #W (ρ) ≤ 2f , so it follows
that equality holds and there are no exceptional weights in this case.

So suppose that β(V ) is reducible. Propositions 3.4 and 3.5 of [5] then show that
#W (ρ) ≤ 2f unless

f−1∑
i=0

(−1)ibip
i ≡ (p + 1)

∑
i∈J∗

(−1)ipi mod q − 1

for some J∗ ⊂ S, where each bi = ai + 1 ∈ {2, . . . , p− 1}.
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If f is even, then the left-hand side is strictly between 1−q and 0 while the right
hand side is between −2(q − 1) and q − 1. Setting

f−1∑
i=0

(−1)ibip
i = c(q − 1) + (p + 1)

∑
i∈J

(−1)ipi

for c = 0,±1 and solving p-adically, the restriction on bi forces either J = {0, 2, . . . , f−
2} and ~a = (1, p−2, 1, . . . , p−2) or J = {1, 3, . . . , f−1} and ~a = (p−2, 1, p−2, . . . , 1),
which gives a ≡ ±2 q−1

p+1 mod (q− 1). In this case one has #W (ρ) ≤ 2f + 1 if p > 3,
so there is at most one exceptional weight. Note also that there is an element of
W (ρ) of the form V~m,~p, but no such factor of V since a 6≡ 0 mod q − 1. If p = 3,
one has #W (ρ) ≤ 2f + 2 and two elements of W (ρ) of the form V~m,~p accounting
for all exceptional weights.

The argument in the case of odd f is similar, but the left-hand side is strictly
between 0 and q − 1 while the right-hand side is between −(q − 1) and 2(q − 1)
and we get that either J = {0, 2, . . . , f − 1} and ~a = (1, p − 2, 1, . . . , p − 2, 1)
or J = {1, 3, . . . , f − 2} and ~a = (p − 2, 1, p − 2, . . . , 1, p − 2), giving 1 + a ≡
±2 q+1

p+1 mod (q + 1).
We now turn our attention to the remaining cases. Suppose first that p > 2 and

f is even. Twisting V and ρ, we can assume

~a = (p− 1, 0, p− 1, 0, . . . , p− 1, 0) and ρIK
∼ ωp+p3+···+pf−1

0 ⊕ ωp+p3+···+pf−1

0 .

For each J∗ ⊂ S, we explicitly describe the V~m,~n such that

f/2∑
i=0

p1+2i ≡
f−1∑
i=0

mip
i +

∑
i∈J∗

nip
i ≡

f−1∑
i=0

mip
i +

∑
i 6∈J∗

nip
i mod (q − 1).

Propositions 3.4 and 3.5 of [5] show that this holds for a unique ~n unless J∗ =
{0, 2, . . . , f − 2} or {1, 3, . . . , f − 1}. For each of these two values of J∗, there are
two possibilities for ~n, namely (p, 1, p, 1, . . . , p, 1) and (1, p, 1, p, . . . , 1, p). Otherwise
there is an i such that χJ∗(i− 1) = χJ∗(i) where χJ∗ is the characteristic function
of J∗, and ~n is characterized as the unique f -tuple such that

• ni ∈ {0, p− 1, p} for all i;
• if ni−1 = 1, then ni = p;
• if ni−1 = p− 1 or p, then ni = p− 1 if χJ∗(i− 1) = χJ∗(i);
• if ni−1 = p− 1 or p, then ni = 1 if χJ∗(i− 1) 6= χJ∗(i).

Note also that
∑

mip
i mod (q − 1) is determined by ~n and J∗. It is then straight-

forward to check that each such V~m,~n arises as V~mJ′ ,~nJ′
where

J ′ = { j ∈ {0, 2, . . . , f − 2} |nj = p− 1 or p } ∪ { j ∈ {1, 3, . . . , f − 1} |nj = 1 },

so there are no exceptional weights. (Note that (J ′)∗ need not coincide with J∗.)
The case of odd f , p > 2 is similar. We assume

~a = (p− 1, 0, p− 1, 0, . . . , p− 1) and ρIK
∼ ω1+p+p3+···+pf−2

0 ⊕ω1+p+p3+···+pf−2

0 .

For each J∗, there is a unique possibility for ~n characterized exactly as in the case
of f even, and we set

J ′ = { j ∈ {0, 2, . . . , f − 1} |nj = p− 1 or p } ∪ { j ∈ {1, 3, . . . , f − 2} |nj = 1 }

to conclude there are no exceptional weights.
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Finally if p = 2, then one argues as above using Proposition 3.6 of [5], but with
two changes. Firstly, we find also that there are two possibilities for ~n if J∗ = ∅ or
S, namely ~n = (1, 1, . . . , 1) or (2, 2, . . . , 2), the latter being exceptional. Secondly,
to generalize the characterization of ~n one defines ni(x) ∈ {0, x − 1, x} and then
sets ~n = ~n(p) with p = 2. �

We finish with a complete characterization of the exceptional weights.

Theorem 3.2. Suppose that V~m,~n ∈ W (ρ).
If ρ|IK

∼ ωr
0 ⊕ ωs

0, then V~m,~n is exceptional if and only if for each J∗ ⊂ S such
that

(8) r ≡
f−1∑
i=0

mip
i +

∑
i∈J∗

nip
i, s ≡

f−1∑
i=0

mip
i +

∑
i 6∈J∗

nip
i mod (q − 1),

we have ni = p and χJ∗(i− 1) = χJ∗(i) for some i ∈ S.
If ρ|IK

∼ (ω′0)
t ⊕ (ω′0)

qt, then V~m,~n is exceptional if and only if for each J∗ ⊂ S′

such that

(9) t ≡
f−1∑
i=0

(q + 1)mip
i +

∑
i∈J∗

nip
i mod (q2 − 1) and π : J∗

∼→ S,

we have ni = p and χJ∗(i− 1) = χJ∗(i) for some i ∈ S′.

Proof. We note first that every V~m,~n as in the statement of the theorem is indeed
exceptional, for if it is equivalent to V~mJ ,~nJ

for some J ⊂ S, then the proof of
Theorem 2.1 provides a J∗ such that (8) or (9) holds, but the explicit formula for
~nJ shows that ni < p whenever χJ∗(i− 1) = χJ∗(i).

Suppose on the other hand that (8) or (9) holds for some J∗ such that χJ∗(i−
1) 6= χJ∗(i) whenever ni = p. We then choose J so that J∗ is as in the proof of
Theorem 2.1 and verify that V~m,~n = V~mJ ,~nJ

(except possibly in the case of reducible
ρ with r = s, where the result is already immediate from Theorem 3.1). We can
twist V and ρ and so assume V is as in the statements of Proposition 1.1 or 1.3.

Suppose first that V = I

(
1, τ̃

Pf−1
i=0 aip

i

0

)
with f even and 0 ≤ aip− 1 for each i.

We then have
f−1∑
i=0

mip
i +

∑
i∈J∗

nip
i ≡ b0 + b2p

2 + · · · bf−2p
f−2 mod (q − 1)(10)

f−1∑
i=0

mip
i +

∑
i 6∈J∗

nip
i ≡ b1p + b3p

3 + · · · bf−1p
f−1 mod (q − 1)(11)

where each bi = ai + 1. Let b′i = ni − δJ(i) + 1 for i ∈ J and b′i = p− ni − δJ(i) + 1
for i 6∈ J . The condition that χJ∗(i− 1) 6= χJ∗(i) whenever ni = p guarantees that
1 ≤ b′i ≤ p for each i. It is then straightforward to check that

f−1∑
i=0

(−1)ib′ip
i ≡

∑
i∈J∗

nip
i −

∑
i 6∈J∗

nip
i mod (q − 1),

which by (10) is congruent to
∑f−1

i=0 bip
i. Since 1 ≤ bi, b

′
i ≤ p for each i and we

have ruled out the case
∑f−1

i=0 bip
i ≡ 0 mod (q − 1), it follows that bi = b′i for all i,
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and therefore that ~n = ~nJ . We then compute that
f−1∑
i=0

mip
i ≡

∑
even i

bip
i −

∑
i∈J∗

nip
i

≡
∑

even i 6∈ J∗
(ai + δJ(i))pi +

∑
odd i ∈ J∗

(ai + δJ(i))pi

≡
∑
i∈S

mJ,ip
i,

hence V~m,~n = V~mJ ,~nJ
.

Suppose next that V = I

(
1, τ̃

Pf−1
i=0 aip

i

0

)
but f is odd. We then start with the

congruence
f−1∑
i=0

mi(q + 1)pi +
∑
i∈J∗

nip
i ≡ b0 + b2p

2 + · · · b2f−2p
2f−2 mod (q2 − 1)

instead of (10). Defining b′i and arguing as above then gives
f−1∑
i=0

(−1)ib′ip
i ≡

f−1∑
i=0

(−1)ibip
i mod (q + 1),

so ~b = ~b′ and ~n = ~nJ . Similarly one finds that

(q+1)
f−1∑
i=0

mip
i ≡

∑
even i ∈ S′

bip
i−
∑
i∈J∗

nip
i ≡ (q+1)

∑
i 6∈J

(ai +δJ(i))pi mod (q2−1)

giving V~m,~n = V~mJ ,~nJ
.

Now suppose that V = Θ
(
(τ̃ ′0)

1+
Pf−1

i=0 aip
1
)

with f even. We then have∑f−1
i=0 mi(q + 1)pi +

∑
i∈J∗ nip

i

≡ b0 + b2p
2 + · · ·+ bf−2p

f−2 + pf + bf+1p
f+1 + · · ·+ b2f−1p

2f−1 mod (q2 − 1).

We define b′i for i > 0 as above, but set b′0 = n0 + δJ(0) or p−n0 + δJ(0) according
to whether 0 ∈ J∗. Arguing as above, with special attention to the terms with
i = 0, f , then gives

f−1∑
i=0

(−1)ib′ip
i ≡ 1 +

∑
i∈J∗,0≤i<f

nip
i −

∑
i 6∈J∗,0≤i<f

nip
i ≡

f−1∑
i=0

(−1)ibip
i mod (q + 1),

so that ~b = ~b′ and ~n = ~nJ . Again computing mod q2−1, but with special attention
to i = 0, f , gives

∑f−1
i=0 mip

i ≡
∑f−1

i=0 mJ,ip
i mod (q − 1) so that V~m,~n = V~mJ ,~nJ

.

Finally suppose that V = Θ
(
(τ̃ ′0)

1+
Pf−1

i=0 aip
1
)

with f odd. Starting with

f−1∑
i=0

mip
i +

∑
i∈J∗

nip
i ≡ b0 + b2p

2 + · · · bf−1p
f−1 mod (q − 1)

f−1∑
i=0

mip
i +

∑
i 6∈J∗

nip
i ≡ 1 + b1p + b3p

3 + · · · bf−1p
f−1 mod (q − 1),
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and defining b′i as in the preceding case, we get
f−1∑
i=0

(−1)ib′ip
i ≡

f−1∑
i=0

(−1)ibip
i mod (q − 1),

again giving~b = ~b′ since r 6= s. Checking again that
∑f−1

i=0 mip
i ≡

∑f−1
i=0 mJ,ip

i mod
(q − 1) yields V~m,~n = V~mJ ,~nJ

. �
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