A CORRESPONDENCE BETWEEN REPRESENTATIONS OF
LOCAL GALOIS GROUPS AND LIE-TYPE GROUPS

FRED DIAMOND

Serre conjectured in [13] that every continuous, irreducible odd representation
p: Gg — GLa(Fy)

arises from a modular form. Moreover he refines the conjecture by specifying an
optimal weight and level for a Hecke eigenform giving rise to p. Viewing Serre’s
conjecture as a manifestation of Langlands’ philosophy in characteristic p, this
refinement can be viewed as a local-global compatibility principle, the weight of
the form reflecting the behavior of p at p, the level reflecting the behavior at primes
other than p. The equivalence between the “weak” conjecture and its refinement
(for £ > 2) follows from work of Ribet [11] and others (see [6]). Remarkable progress
has recently been made on the conjecture itself by Khare and Wintenberger; see
for example Khare’s article in this volume.

Serre’s conjecture is generalized in [5] to the context of Hilbert modular forms
and two-dimensional representations of G where K is a totally real number field
in which p is unramified. The difficulty in formulating the refinement lies in the
specification of the weight. This is handled in [5] by giving a recipe for a set W, (p)
of irreducible Fp-representations of GL2(Ok /p) for each prime p|p in terms of p|z, ;
the sets W, (p) then conjecturally characterize the types of local factors at primes
over p of automorphic representations giving rise to p. We omit the subscript p
since we shall be concerned only with local behavior, so now K will denote a finite
unramified extension of Q, with residue field k.

The purpose of the paper is to prove that if the local Galois representation is
semisimple, then W (p) is essentially the set of Jordan-Holder constituents of the
reduction of an irreducible characteristic zero representation of GLa(k). Moreover,
denoting this representation «(p) we obtain

Theorem 0.1. There is a bijection

{p: Gx — GL2(Fp)}/ ~ of pl7,
al

{irreducible Q,-representations of GLa(k) not factoring through det}/ ~
such that W (p*) contains the set of Jordan-Hdélder factors of the reduction of a(p).

Moreover, the last inclusion is typically an equality and one can explicitly de-
scribe the exceptional weights. We remark that the local Langlands correspondence
also gives rise to a bijection between the sets in the theorem by taking the K-type
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corresponding to a tamely ramified lift of p. The bijection of the theorem however
has a different flavor. Indeed if [k : Fp] is odd, then irreducible p correspond to
principal series and special representations, while reducible p correspond to super-
cuspidal ones.

A generalization of Serre’s Conjecture to the setting of GL,, was formulated by
Ash and others in [1], [2], and Herzig’s thesis [8] pursues the idea of relating the
set of Serre weights of a semi-simple p : Gg, — GL,(F,) to the reduction of an
irreducible characteristic zero representation of GL,,(F,). However Herzig shows
that the phenomenon described in Theorem 0.1 does not persist for n > 2; instead
he defines an operator R on the irreducible mod p representations of GL,, (F,) and
shows that the regular (i.e., up to certain exceptions) Serre weights of p are given
by applying R to the constituents of the reduction of a certain characteristic zero
representation V(p). Herzig also show that such a relationship holds in the context
of GLa(k). Moreover, the association p — V(p) appears to be compatible with
the local Langlands correspondence in the sense described above. In this light,
Theorem 0.1 can be viewed as saying that Herzig’s operator R typically sends the
set of irreducible constituents of the reduction of one Q,-representation of GLz (k)
to those of another.

One can also view Theorem 0.1 in the context of the theory of mod p and p-
adic local Langlands correspondences being developed by Breuil and others (see [3],
[4], [7]). In particular, one would like a mod p local Langlands correspondence to
associate a mod p representation of GLo(K) to p, and local-global compatibility
considerations suggest that the set of Serre weights comprise the constituents of
its GL2(Ok)-socle. One would also like a p-adic local Langlands correspondence
associating p-adic representations of GLs(K) to suitable lifts of p, and satisfying
some compatibility with the mod p correspondence with respect to reduction. One
can thus speculate that the theorem reflects some property of the hypothetical
p-adic correspondence for GLs.

The paper is organized as follows: In Section 1, we compute the semisimplifica-
tion of the reduction mod p of the irreducible characteristic zero representations of
GLz(k). The main theorem is proved in Section 2, and the exceptional weights are
described in Section 3 for the sake of completeness.

The author is grateful to Florian Herzig, Richard Taylor and the referee for their
feedback on an earlier draft.

1. A BRAUER CHARACTER COMPUTATION

We first recall the irreducible Q,-representations of G = GLy (k) (see for example
[9, Ch. 28] or [10, XVIII, §12]).
Let B denote the subgroup of upper-triangular matrices in G. For a pair of

homomorphisms x1, x2 : &% — @X, we let I(x1,x2) denote the ¢ + 1-dimensional
representation of G induced from the character of B defined by

(3 Z) = x1(z)xz2(y)-

I(x1, x2) ~ I(x1,x3) if and only if {x1,x2} = {X1,x2}. If x1 # X2, then I(x1,x2)
is irreducible. I(x, x) ~ xodet @sp, for an irreducible ¢g-dimensional representation

SDy -
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The remaining irreducible Q-representations of G are parametrized as follows.
Let k' be a quadratic extension of k, o the non-trivial k-automorphism of k' and
Nm the norm from %’ to k. For each homomorphism £ : k' — @X such that
¢ # £ oo, there is an irreducible (¢ — 1)-dimensional Q-representation ©(€) of G,
and O(&) ~ ©(¢') if and only if £ € {{,£ o o}. Moreover for any homomorphism
x:k* —Q", we have (y o det)®(&) ~ O((x o Nm)¢)).

Letting ¢ denote a k-algebra embedding k" — Ma(k), the character table of G is
as follows:

Representation
Conjugacy
class of: X o det Py I(x1,x2) o)

(5 %) | x@ | a@? | G@rvuene | e-e)

<g glc> x(z)? 0 x1(x)x2(x) —&(2)
(E’i 2) gk | x(zy) | x(zy) | xa(@)x2(y) +x1(y)xz(2) 0
i(2) & k* x(z227) | =x(227) 0 —¢(2) — £(27)

Next we recall the irreducible F,-representations of GLa(k). Let S = k(F,), the
set of embeddings k — Fp. For integers m.,n, with n, > 0 for each 7 € S, we
have the representation

Vini = @res det ™ k* @, Sym"™ ' k? @y - Fp.

We make the convention that Sym™' = 0, so that Vin,ii has dimension [ g n.. If
1 < n, <pforall 7, then Vj 5 is irreducible; assuming further that 0 <m, <p-1
for each 7 and some m, < p—1, then the Vj; 5 are inequivalent and form a complete
list of the irreducible F,-representations of GLa(k).

Recall that the semisimplification of an Fp—representation of G is determined
by its Brauer character, which is a @p—valued function on the p-regular conjugacy
classes of G (see [12, 18.1, 18.2] for example). Letting ~ denote the Teichmiiller lift,
the Brauer character of Vi 7 , which we denote 3 7, is as follows:

(6 y) | Moes (o™ Sompn s 70 7—)

i(2) & k> H-res (7~J(Z)(q+1)mT ZOSUSnT—l f’(z)"f*1+(q*1)u>

where 7/ denotes either extension of 7 to k’.

If V is a finite-dimensional @p—representation of G, then there exists a Z,-lattice
L C V stable under the action of G. Reducing L modulo the maximal ideal of Z,
then yields an F,-representation L of G whose Brauer character is the restriction of
the character of V to the p-regular classes of G. In particular, the semisimplification
of L is independent of the choice of lattice L, and we denote it V and call it the
reduction of V.

We now compute V for all irreducible V' (i.e., the decomposition matrix of G

with respect to reduction mod p). First note that any homomorphism y : £ — @;
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can be written in the form HT 7% for some integers a, with 0 < a, < p—1, in
which case ¥ = [[, 7%". Moreover, if V' ~ (x odet) ® V, then V'~ (xodet)®V,
so we can replace V' by such a twist in order to compute its reduction.

We first consider the representations I(x1,x2). Twisting by X1_1 o det, we need
only consider those of the form I(1,y). The reduction is then given by the following
proposition:

Proposition 1.1. Let V = I(1,][, 7%) with0 < a, <p—1 for each T € S. Then
V ~ ®5csVy, where Vy = Vin, i, with my and 7y defined as follows:

_ {0 ifred,
mJ,T - G/T+6J(T)7 ZngJ:
B ar +6;5(7), iTE,
and nj; = {p_aT_(SJ(T), ifr & J,

where 5 is the characteristic function of JP) = {7 oFrob|7 € J}. Moreover the
non-zero Vj are inequivalent.

Proof. We need to show that the sum of the 3, 5, coincides with the character
of V on p-regular conjugacy classes.

0
Let us choose an embedding 79 : k — R) and index the elements of S by setting
7; = 7 o Frob,, for i € Z/fZ. We then have

B, ((g O)) _ G met g mat 3 GEI v GRS -1t
' Y

o<v<i—T

We first consider conjugacy classes of elements of the form (m 2) with z,y € k.

= R Cmetnet N (Rl b
m<b<mtA—T

where we have simply written m; for m,,, n; for n,, and w for 7p(w). (We also
abuse notation in viewing i as an integer when it appears as an exponent of p and
as a congruence class when it appears as an index.) Taking (m,7) = (M, ;) and
viewing J C {0,1,...,f — 1}, we have
(1)

S @mitni =P = Yl — 1+ 0,0 + Xy (ai — L+ 6,(i) + p)p’

= (1-0,5(0)(q— 1)+ X5 an’,

so that #2120 @mitni—Dp' — 330 ain' | oiving
z 0 S L
Brti s i ((O y)) = im0 “P (Z (y/x)d>
deB,

0<b;<a;+6;(), ified, }

where

-1
(2) B, = {d=2bz-pi
=0

Note that if d € By, then 0 < d < g — 1. Since the only dependence relation
among the functions w + @? on kX for 0 < d < g — 1 is that @w° = @97, we see
that V; = 0 if and only if By = (). Moreover if V; ~ V., then either By = B, or

a;+6;(0) <b;<p, ifigdJ
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one is gotten from the other by replacing 0 by ¢ — 1. One sees easily that the first
case implies that either By = () or J = J’, and that the second is impossible. We
thus conclude that the the non-zero Vi, 5, are inequivalent.

To complete the proof of the proposition, we use another description of the Bj:

Lemma 1.2. Suppose that 0 < d < q- 1. Writed = Zf;ol bip' with0 < b; <p—1
for each i € Z)fZ. If d # Zz o aip’, then

f-1 f-1
Z biyjr1p" < Z @iyjr1p’ } :

deBJ:)J:{jeZ/fZ
=0 1=0

Furthermore, d =" a;p* € By if and only if J =S or J = ).

Proof. First note that if d = sz: bipt # Z 4 aip’, then

Z bi+j+1pi < Z a1-+j+1pi if and OIlly if bj—r < Qj—r

where r € {0,..., f—1} is chosen so that b;_, # aj_r,bj_r41 = @j_ry1,...,0; = a;.
Indeed if b;_, < a;_,, then

bpf*1+b f*2+...+bj_rpf*1*"'+pf*1*"'
P a2 aypt T
fl+a f2+..+aj+1_

bip! 7 b TR b

ININ A

Now suppose that d = Z i bip' € By and j € J. Then b; < a; and if equality

holds then j —1 € J, so b;_1 < a;_1. Iterating, we find that either d = Zl o ap’
and J =5, or that

bj—r < @j_p,bj_yi1 = @j—rs1,...,b; = aj,for some r € {0,..., f — 1},

yielding the desired inequality. The case j ¢ J is similar.

Conversely, suppose that d # ZZ 0 @i ;p* and J is given by the formula in
the statement of the lemma. If j € J, then we have b;_, < aj_p,bj_ry1 =
@j—rsi,-..,0; = aj, for some r € {0,..., f — 1}, so either b; < a;, or b; = q;
and the inequality for j — 1 gives j —1 € J. In either case we have b; < a; +05(j).
Slmﬂarly we find that j ¢ J implies that a; + d5(j) < b;. Finally, 1t is clear that

Z 0 a;p® is in both By and Bg. O

Returning to the proof of Proposition 1.1, the lemma gives

- I [ 14gq Cifg—a
Z<Z(W)d> - +Z ' ={ Lty ps

J deBy

from which it follows that

Somns (5 0)) =LA (T Fe, o
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Now consider conjugacy classes of elements of the form i(z) for z ¢ k*. Choosing
an embedding 7 of k extending 7y and writing Z for 7(z), we have

Bana(i(z)) = FZizo(@tlm’ 3 2150 (ni=14(g=1)wi)p’
G<o<ii—T

— Xl @mitni-1)pt 3 5(a=1) 155 bip!
<< rmiii—1

Summing over J and using (1) then gives

> B, i(z) = FZo e zamD0-0 O”Z (Z gamh )
J

deBy

— Xl e Z (Z g(ql)d> + Z (Z 5(g=1)(1+d)

JSf*l deBy J%f*l deBy

where By is as in (2). According to Lemma 1.2, the values of d # ZZ o a;p* con-
tributing to the first sum are those with 0 < d < sz:o a;p’, the values contributing
to the second are those with Zl 0 a;p' < d < q—1, and there is one occurrence of
Z 0 a;p® in each. It follows that

q
Z/Bﬁu,ﬁJ (Z(Z = sz o P’ Z'g(q_l)d =0,
J

d=0
since 2471 # 1, but 59°~1 = 1. This completes the proof of Proposition 1.1. O

Note that when Y is trivial, so V' ~ det @sp, the proposition gives V ~ VG,T@VG@
the first factor being the reduction of det and the second being that of sp. If y is
non-trivial, then I(1, y) is irreducible and its reduction is given by the proposition.

Now we turn our attention to the (¢ — 1)-dimensional representations ©(§).
Choosing 74 : k' — F, as in the proof of the theorem, we can write £ = (7)"
for some n, determined mod ¢?> — 1. Since £ # £ o o, we have that n is not
divisible by ¢ + 1 and can therefore be written in the form a + (¢ + 1)8 with
1<a<ygq 0<8<qg—2 Twisting by 70 % o det, we can assume n = « and
write £ = 7 H{;OI (7])% where 7] = 7§ © Frob;, 7, =7/lkand 0 < a,, < p—1 for
1=0,...,f—1.

Proposition 1.3. LetV =0 ( H ( )“*z) with0 < a, <p—1 foreachT € S.

Then V ~ @ csVy, where Vy = Vs, 7, with my and iy defined as follows:

65(7), ifT=1€J,
_ ar +1, ifT:Togjf
Mdr = 0, ifteJ, T#,
ar+8;(1), ifTéJ, T#7,
ar +1—46;(7), ifr=m€J,
_ p*a771+5‘](7), Z.fT:TOQJ:
and nyr = ar +90;(71), iftedJ, T#,
p_a‘r_(SJ(T)7 ifT€J7T7éTO;

)
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where 85 is the characteristic function of J®) = {1 oFrob|7 € J}. Moreover the
non-zero Vj are inequivalent.

Proof. Taking (1, 7) = (ni,7s) as in (1) now gives

f-1 f-1
(3) > o@mitn—pt =1+ (1—-0;(0)(g—1)+ Y _ ap’,
=0 =0
so that
x 0 - fo1 i .
s (5 ) =7 = | 3w )
de B,
where
Fo1 (5J(0)§b6<a0+1, if 0 e J,
;o _ ri | a0 +1<by<p+d;00), if0gZJ,
@ By= d*;bip 0< b <a;+6,0i), ifieJ,i0,
. a; +6,5(i) < b; <p, if i g J,i#0

Note that if d € B/, then 1 < d < ¢ — 1. Since there are no dependence rela-
tions among the functions w — @w% on k* for such d, we see as in the proof of
Proposition 1.1 that the non-zero V; are inequivalent.

Lemma 1.4. Suppose that 1 < d < qg—1. Writed = Zf;ol bip' with0 < b; <p—1
foreachi € Z)fZ. If d < 25:_01 a;p’, then

deB}@J:{je{O,...,f—l}

J J
0= b <> o }
=0 1=0
If Z{;()l a;pt < d, then

deB}@J—{jG{O,...,fl}

ibmi < i:aipi } :
=0 i=0

Proof. Write d = sz:_()l bip' with 6;(0) < by < p+ §;(0), and 0 < b, < p for
i=1,..., f—1. We then have (bg,b'l,...,b}fl) = (bg,b1,...,bp_1) unless f—1 € J
and by = 0, in which case

( 67 ?Lv"')b/f—l):(pap_1a"'7p_17b7‘_17b1‘+17"'7bf—1)

where 7 is the least positive integer such that b, > 0. It follows that if f —1 € J,
then

J J J J
0< Zbipi < Zaipi — Zb;pi < Zaipi.
i=0 i=0 i=0 i=0
If d € B, then we have
i a
(5) jeT ==Y bip' <Y aip'
i=0 i=0

for j =0,...,f —1 by induction on j. In particular, f — 1 is in J if and only if
d< Zf:ol a;p’, and (5) translates into the desired formula for B/, in either case.
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Suppose conversely that J is as defined in the statement of the lemma. In
particular, f—1isin J if and only if d < Z{:_ol a;p’, so (5) holds for j = 0,..., f—1.
Therefore b}, < aq if and only if 0 € J, and we deduce that

JjeEJ =V <aj;+d;(j)
for j =1,..., f — 1 by induction. It follows that d € B. O
Returning to the proof of Proposition 1.3, the lemma gives
S wa| = S - fomt 1ot
J \deB, ! _d:1 ! Lo ity 7,

since (§/7)97% = 1. It follows that
S (7 O)) = { (D). Hy=a
~ menIA\0 oy 0, if y £ x.

where £ = 7 H{:—01 (71)%mi.

Now for conjugacy classes of elements of the form i(z) for z € k*, we have

D By (i(z) = IO O R BT s
J

J \deB)

_ ~1+Z, o aip’ Z Z zla=Dd | Z Z 5(a=1)(1+d)

J3f—1 \deB, J#f—-1 \deB/

where B’ is as in (4). According to Lemma 1.4, the values of d contributing to the
first sum are those with 1 < d < Zf o a;p', the values contributing to the second
are those with Zf o aip' < d < q—1. It follows that

. q
Zgﬁ”ﬁj(i(z)) N Sy < — 3@-D+E5 ai’) Zg(q—l)d>
J d=0
_ _21+21 o aip’ ZQ(lJer o aip®)

= —&(2) —&(=%).

This completes the proof of Proposition 1.3.

2. THE CORRESPONDENCE

In this section we construct the bijection of Theorem 0.1. Let wy and w(, denote
fundamental characters I — F; corresponding to embeddings 7y : k — E) and
70+ k' — F, chosen as in the preceding section. Thus w( has order ¢*> — 1, and
wo = (wh)?*h. If p: Gg — GLa(F,) is a continuous representation, then p[$_ is
equivalent to one of the form

wh B wi for some r,s € Z,
or (w))!® (w))? for some ¢ € Z not divisible by ¢ + 1,

according to whether or not p is reducible.



A CORRESPONDENCE BETWEEN REPRESENTATIONS 9

In [5], the weight part of an analogue of Serre’s conjecture is formulated over
totally real fields by defining a set W (p) of irreducible F,-representations of GLa (k).
We recall the definition in the easiest case, when p|, is semi-simple. In the case
p ~ w) ® wg, then we define W(p) by the rule

Vi € W(p) <= for some J* C S

s

r = Zg:oi miplj + D e nzp’ mod (¢ — 1),
s = Yimp' + 3,4 nip’ mod (¢ — 1),

(where as usual, m; = m,, with 7; = 79 o Frob’). In the case p ~ (w})* @ (wh)? for
some ¢ Z0 mod (¢+ 1), we let S" ={0,1,...,2f — 1} and define 7 : S’ — S by
reduction mod f. We then define W(p) by
t=3170(g+ Dmip' + Y, 5. mp’ mod (g2 — 1)
Via € W(p) = =0 ‘ e ~
’ (n) { for some J* C S’ such that 7 : J* = S.

Let Ry denote the set of equivalence classes of @p—representations of I'x as above;
note that there are (¢? — q)/2 of each type. Let Rg denote the set of equivalence
classes of representations of GLy(k) of the form I(x1,x2) or ©(§); note that there
are (¢? — q)/2 of each of these as well. Recall that if V' is a Q, representation of

GLay(k), then V denotes the semi-simplification of its reduction modulo the maximal
ideal of Z .

Theorem 2.1. There is a bijection 3 : Rg — Ry such that if p : Gk — GLa(F,)
restricts to B(V) on Ix and Vg iz is an irreducible subrepresentation of V, then
Vinm € W(p)

Note that Theorem 0.1 follows from Theorem 2.1 on replacing I(x, x) by its
g-dimensional irreducible subrepresentation and setting a(p) = 3~ (p|3.).

Proof. We first define § for the representations considered in Propositions 1.1
and 1.3. Suppose that by,...,bs_1 are integers with 1 < b; < p. If f is odd, then
we let

S 1 —1)pt 24 4p pf—1t Fe1, -
5(1(1770250(1 » ) = (wh)lotbep® b oap T bip b ap
@(w6)b1p+b3p3+~~'+bf—2pf—2+b0pf+b2pf+2+___+bf_1p2f_l
2

- F=1lep 4\, i 24 _ypft 3., _opf—
and ﬁ(@((Té)H_Zi:O (bi=1)p )) _ wgoerzp +-4bf_1p @wé+blp+b3,ﬂ +-4bs_2p

If f is even, then we let

BUI(L, 70 Gty otbar® bty ol g bt ap!
)
andﬁ(@((%)l+zf=‘&(bi—l)p"')) _ (w(f))bo+b2p2+~~~+bf72pf*2+pf+b1pf“+~~+bf71p2f*1

69("‘}6)1-&-1)110-1-1131)3-5"“-5-1)f71]91071-‘rboiﬂf-"-521)”2-‘r"'-i-bffzpzfiz )

There is no ambiguity in replacing by = --- = by_y =1 with by = --- = by_1 = p
f=10 i
in the formula for 5(I(1, 7~'OZ1'=0 (be=1)p )) as it just exchanges the two characters in

the sum. We also need to check that the exponents of w{ are not divisible by ¢+ 1.
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This follows from the fact that if f is odd, then

bO + b2p2 + -+ bf—lpf_l + blpf+1 N bf_2p2f_2
=bo —bip+bap? — ... = bspop/ P+ by1p/ 7  mod g + 1

and 1 <bg —bip+bop® — ... —bp_op’ 2+ by_1p/ 71 <y,
and if f is even, then

by + bap? + - - - +bf,2pf_2 +pf +b1pf+1 —|—-~-—|—bf,1p2f_1
(7) =—-14by— b1p+b2p2 — ... bffgpf_2 - bf,lpf_l mod ¢q + 1,

and 1 — g < by — b1p + bap? —...—bf,gpf_2 —bf,lpf_l <0.

We extend (8 to all of Rg by twisting. If y : £ — @; is a character, then

we let B(x) denote the character Ix — F: corresponding to Y by local class field
theory, i.e., if x = 7], then G(x) = w{. Any representation in Rg can be written in
the form (x o det) ® V for some x and some V for which we have already defined
B(V). We then let 3((x odet) ® V) = B(x) ® B(V). We need to check there is
no ambiguity in the definition. If x; # x2, then I(x1,x2) has two expressions
of the above form, namely (y2 o det) ® I(1,%) and (x2x o det) ® I(1,x 1), so it

=1, 1y\oi
suffices to check that 3(I(1,x)) = B(x) ® BI(1,x71)). If x = %021':0 =P ith

each b; € {1,...,p}, then y~! = 7:()2:{:01(17;71);# where b, = p+ 1 —b;. It is then
straightforward to check that replacing B3(I(1,x)) with B(x)B(I(1,x~1)) simply
interchanges the two characters of Ix. Similarly each ©(£) has two expressions
as above, given explicitly by twisting the identity ©(&) ~ (x o det) ® O(¢’) where
£ = (%)HE{;‘}(bi_l)pia ¢ = (?(I))I+E{;°1(b;_l)pi and x = ?()ngol(biil)pl with each
b € {1,...,p} and b, = p+ 1 — b;. We find that 3(0(£)) = B(x) ® B(O(£)), the
characters of I again being interchanged.

Since Ry and R have the same cardinality, it suffices to show that [ is surjective
in order to conclude it is a bijection. Therefore it suffices to show that every repre-
sentation in Ry is a twist of one of the form G(V') for some V' as in Proposition 1.1
or 1.3. For representations of the form (w)! & (w)?, this follows from (6) and (7).
Indeed since the values of by —bip+ -+ bp_4 pf =1 are distinct, we see that there
is an exponent in every non-zero congruence class mod g + 1. For representations
of the form w” ® w*, it suffices to note similarly that » — s mod (¢ — 1) arises as the
difference of exponents of wg for some (V).

Suppose now that p : G — GL2(F,) restricts to 8(V) on Ix. To prove the
assertion about W(p), we can twist V by y odet and p by a character restricting to
B(x) and so assume V is as in Proposition 1.1 or 1.3. We now need to show that
each non-zero Vi, , 7, is in W(p).

F=1 1)t

Suppose first that V = I(l,%()Zi:“ (b:=1)p ) with each b; € {1,...,p} and f is
odd. Given J, we let J' = {j € S'|j = imod f forsomeie J}, J, = {j €
S'|jiseven}, J] ={j€ S |jisodd} and J* = (JNJ)U (J;\ J). We then
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have 2 J* = S and 207 (g + 1)myip’ + 3,c,- nyp' is congruent mod ¢2 — 1 to

STi—1+0,60)p + > bi—1+80)p + > (p—bi+1—3;(0)p

igJ’ ieJinJ’ icJ{\J’
= > i-146,60)p'+ Y pt
i€ J} i€ J\J’
= Z bip’ mod (¢* — 1)
i€J}

since 3¢ 5 (0(7) — p' = ZzeJ{\J’ pt1. It follows that Vis, 7, € W(p).

If V=07 )1+E{ o (b= 1)p* ) and f is even, then we proceed exactly as above,
but with J) = {0,2,..., f=2, f+1, f+3,. 2f 1} and Jj = S’\J{}. The remalmng

cases are similar, but simpler. If V = I(1, 7§ ~21 o (bi= 1)’ ) (resp. ©((7) 1+ (bi—Dp'y)
and f is even (resp odd), we let Jo = {j 6 Sljiseven}, Jy ={j€S|jisodd}
and J* = (JoNJ)U (J1 \ J). In each case a calculation similar to the one above
shows that Vi, 7, € W(p). O

3. EXCEPTIONAL WEIGHTS

Let 3 be the bijection of Theorem 2.1, and suppose throughout the section that
p: Gx — GLa(F,) restricts to (V) on Ix. We say that Vi 5 is an exceptional
weight for p (or V') if it lies in the complement in W (p) of the set of constituents of
V. In this section we characterize the exceptional weights. We first give a sufficient
condition for there to be none.

Theorem 3.1. Suppose V. = I(7§,71¢) with a = ZZ o ap'. If fis odd and
1 < a; < p—2 for each i, then there are no exceptional weights for V. If f is
even and a = j:ﬂ mod (q —1) or1 <a; < p—2 for each i, then there are no

exceptional wezghts for V unless a = :|:2p+1 mod (¢ — 1), in which case the only
exceptional weights are those Viz, 5 € W (p) with i = ﬁ

Suppose V- = O((75) Hetelat)y with a = ZZ o ap'. If [ is even and 1 <
a; < p—2 for each i, then there are no exceptional weights for V. If f is odd and
1+a= :I:% mod (¢g+1) orl < a; < p—2 for each i, then there are no exceptional

weights for V unless 1+a = iQ% mod (q+1), in which case the only exceptional

weights are those Vi 7 € W(p) with @i = p.

We remark that the special cases in the statement are precisely those where p is
the sum of two characters whose ratio is trivial or cyclotomic on inertia.
Proof. We first treat the cases where 1 < a; < p — 2 for each ¢. In this case the
Vi, ., of Propositions 1.1 and 1.3 are all non-zero, so V has 27 constituents. If
B(V) is irreducible, then Proposition 3.1 of [5] shows that #W (p) < 2f, so it follows
that equality holds and there are no exceptional weights in this case.

So suppose that (V') is reducible. Propositions 3.4 and 3.5 of [5] then show that
#W (p) < 2/ unless

F-1
Y =bip'=(p+1) > (—1)’p' mod g —1
i=0 ieJ*

for some J* C S, where each b; =a; +1 € {2,...,p— 1}.
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If f is even, then the left-hand side is strictly between 1 —¢q and 0 while the right
hand side is between —2(¢ — 1) and ¢ — 1. Setting

F-1
Db =clg—1)+(p+1) ) (1)’
1=0 i€J

for ¢ = 0, =1 and solving p-adically, the restriction on b; forces either J = {0,2,..., f—
2}andd = (1,p—2,1,...,p—2)or J ={1,3,..., f—1}and ad = (p—2,1,p—-2,...,1),
which gives a = :I:2gﬂ mod (¢ — 1). In this case one has #W(p) <2/ +1if p > 3,
so there is at most one exceptional weight. Note also that there is an element of
W (p) of the form Vj; 5 but no such factor of V since a # 0 mod g — 1. If p = 3,
one has #W (p) < 2/ + 2 and two elements of W (p) of the form Vi 7 accounting
for all exceptional weights.

The argument in the case of odd f is similar, but the left-hand side is strictly
between 0 and ¢ — 1 while the right-hand side is between —(¢ — 1) and 2(¢ — 1)
and we get that either J = {0,2,...,f — 1} and @ = (1,p — 2,1,...,p — 2,1)
or J ={1,3,....f—2tand d = (p—2,1,p—2,...,1,p—2), giving 1 +a =
iQZ—ﬂ mod (g + 1).

We now turn our attention to the remaining cases. Suppose first that p > 2 and
f is even. Twisting V and p, we can assume

3. f-1 3, ... f—1
i=((p-1,0,p—1,0,...,p—1,0) and pIK~w§+P+ +p @wg+p+ ML

For each J* C S, we explicitly describe the Vj; 7 such that

f/2 f-1 f-1
Zszl = Z m;p’ + Z n;p' = Z m;p’ + Z n;p’ mod (g — 1).
=0 i=0 icJ =0 igJ

Propositions 3.4 and 3.5 of [5] show that this holds for a unique 7 unless J* =
{0,2,...,f =2} or {1,3,...,f — 1}. For each of these two values of J*, there are
two possibilities for 7, namely (p,1,p,1,...,p,1) and (1,p,1,p,...,1,p). Otherwise
there is an ¢ such that yj«(i — 1) = x+(¢) where x s+ is the characteristic function
of J*, and 7 is characterized as the unique f-tuple such that

n; € {0,p —1,p} for all i;

if n,_1 =1, then n; = p;

ifniy=p—1orp, thenn;, =p—11if x5+ — 1) = x=(i);
ifni1=p—1orp, then n; =1if xs+(i — 1) # x= (7).

Note also that >~ m;p’ mod (¢ — 1) is determined by 7 and J*. It is then straight-
forward to check that each such Vi 7 arises as Viz , 7, where

J={je{0,2,....f =2} |nj=p—1lorp}tu{je{l,3,....f—1}|n; =1},

so there are no exceptional weights. (Note that (J')* need not coincide with J*.)
The case of odd f, p > 2 is similar. We assume

8y gt 2 84y f2
a=(p—1,0,p—1,0,...,p—1) and pr, ~wy PP TP g PP

For each J*, there is a unique possibility for 77 characterized exactly as in the case
of f even, and we set

J’:{je{O,Z,...7f—1}\nj:p—lorp}U{jE{1,3,...,f—2}|nj=1}

to conclude there are no exceptional weights.
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Finally if p = 2, then one argues as above using Proposition 3.6 of [5], but with
two changes. Firstly, we find also that there are two possibilities for 71 if J* = () or
S, namely 7 = (1,1,...,1) or (2,2,...,2), the latter being exceptional. Secondly,
to generalize the characterization of 7 one defines n;(z) € {0,2 — 1,2} and then
sets T = 7i(p) with p = 2. O

We finish with a complete characterization of the exceptional weights.
Theorem 3.2. Suppose that Viz 5 € W(p).

If plic ~ wi ®w§, then Vi i is exceptional if and only if for each J* C S such
that

F-1 F-1
(8) r=>Y mip'+ Y nip', s=» mp'+ > np' mod (g 1),
i=0 i€ i=0 igJ*
we have n; =p and x - (i — 1) = xj= (i) for some i € S.
If plie ~ (WO)! & (w))?, then Vi 7 is exceptional if and only if for each J* C S’
such that

F=1
(9) t= Z(q + D)myp* + Z nip' mod (¢* —1) and w:J* 58S,
i=0 e

we have n; = p and x g+ (i — 1) = x g« (i) for some i € 5.

Proof. We note first that every Vi » as in the statement of the theorem is indeed
exceptional, for if it is equivalent to Vi, 7, for some J C S, then the proof of
Theorem 2.1 provides a J* such that (8) or (9) holds, but the explicit formula for
7i.; shows that n; < p whenever x = (i — 1) = x = (4).

Suppose on the other hand that (8) or (9) holds for some J* such that x j«(i —
1) # xj~(i) whenever n; = p. We then choose J so that J* is as in the proof of
Theorem 2.1 and verify that Vi, 5 = Vi, 7, (except possibly in the case of reducible
p with r = s, where the result is already immediate from Theorem 3.1). We can
twist V and p and so assume V is as in the statements of Proposition 1.1 or 1.3.

-1 _ i
Suppose first that V =T (1, %Oziz" “p ) with f even and 0 < a;p — 1 for each 3.
We then have

f-1

(10) Z m;p' + z nip' = by +bap®+---by_op’ 2 mod (¢ — 1)
i=0 ieJ*
-1

(11) Z m;p' + Z nipt = bip+bspd +--- bf,lpf_l mod (¢ — 1)
i=0 igJ

where each b; = a; + 1. Let b, =n; —d,(i)+1fori € Jand b, =p—n; —d,(i) +1
for i ¢ J. The condition that x s« (i — 1) # x+(7) whenever n; = p guarantees that
1 < b, < p for each 4. It is then straightforward to check that

F-1
Z(—l)ib;pi = Z nip' — Z n;p’ mod (q — 1),
=0 ieJ* igJ

which by (10) is congruent to Zf:_ol bip'. Since 1 < b;, b, < p for each i and we
have ruled out the case Z{;ol b;p' = 0 mod (q — 1), it follows that b, = b/ for all 4,
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and therefore that 7 = 77;. We then compute that

-1
D mpt = Y b= )
i=0 even 1 ieJ*
Do (s + Y (ai+s0)
even i & J* odd i € J*
Z mJ,ipi7
€S
hence Vm’ﬁ = Vm‘],ﬁJ.

-1 _ i
Suppose next that V =1 <1, ?OZ":" P ) but f is odd. We then start with the
congruence

F-1
S milg+ 1P+ > nip' = bo +bop? + - bay_op® "2 mod (¢2 — 1)
=0 ieJ*

instead of (10). Defining b, and arguing as above then gives

F—1 f—1
> (=1)'p' =) (=1)'bip’ mod (g + 1),
1=0 =0

sob="V and @i = ii;. Similarly one finds that

f=
(g+1) Zmlp Yo b’ =) mp' = (g+1) Y (ai+6,(0)p' mod (¢°—1)
i=0 even i € S’ 1€J* iZJ
giving Vm 7 = Vm,’ﬁ]
Now suppose that V = © (( )H‘Z o aip ) with f even. We then have

Zf 0 m;(q+1)p* '+ ZiEJ* nip’

=bo+bap? + - +bpop/ 2+l +bpp o+ bopo1p? 7L mod (¢ - 1),

We define b; for ¢ > 0 as above, but set b, = ng + 9,;(0) or p —ng + J;(0) according
to whether 0 € J*. Arguing as above, with special attention to the terms with
1 =0, f, then gives

f-1 f-1
Z( Diip' =1+ Z np’ — Z n;p' = Z(—l)’bipl mod (g + 1),
=0 ieJ* 0<i<f ig T 0<i<f i=0

so that b= b and 77 = fi J- Agaln computmg mod ¢ — 1, but with special attention
toi =0, f, gives Zl o mip' = Ef o m.gip* mod (q — 1) so that Vin 7 = Vi, i, -
Finally suppose that V = © (( )1+Zf 0 @iP ) with f odd. Starting with

Zmzp + Z nipt = bo + bap?® + - ~bf_1pf71 mod (g — 1)
e J*

Zmzp + Z nzp

igJ*

1+bip+bsp®+--- bf,lpf_l mod (¢ — 1),



A CORRESPONDENCE BETWEEN REPRESENTATIONS 15

and defining b as in the preceding case, we get

F—1 f—1
> (=1)'p' =) (=1)'bp’ mod (g — 1),
1=0 =0

again giving b = b’ since r # s. Checking again that Y7 mp’ = S0 mp’ mod
(¢ —1) yields Vi i = Vi, i1, - -
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