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1. INTRODUCTION

Serre conjectured in [23] that if £ is prime and
p: Gq — GLy(Fy)

is a continuous, odd, irreducible representation, then p is modular in the sense that
it arises as the reduction of an f-adic representation associated to a Hecke eigenform
in the space Si(I'1(IV)) of cusp forms of some weight k and level N. He goes on
to formulate a refined conjecture which predicts the minimal weight and level of
such an eigenform subject to the constraints & > 2 and £ 1 N. Through the work
of Ribet [22], Gross [17], Coleman-Voloch [7] and others (see [10]), the equivalence
between the conjecture and its refinement is known for ¢ > 2, and also when ¢ = 2
in many cases (see [4]). More recently, important work of Khare ([20]), following
work of Khare and Wintenberger ([21]) shows that the conjecture is true in the case
where p is unramified outside #.

Suppose now that K is a totally real field. Let O denote its ring of integers
and let Sk be the set of embeddings of K in R. Suppose that k € Z5% with
all k; > 1 and of the same parity, and that n is a non-zero ideal of 0. The
space of Hilbert modular cusp forms of weight &k and level n, denoted S #(Ur(n)), is
a finite-dimensional complex vector space equipped with an action of commuting
Hecke operators Ty,, indexed by the non-zero ideals m of O. Fix once and for all
embeddings Q — C and Q — Q,, and let 0 # f € Sz(Ui(n)) be an eigenform for
all the T,. A construction completed by Taylor in [24] associates to f an f-adic
representation

pr i Gx — GLo(Q))
such that if p is a prime of O not dividing /n, then ps is unramified at p and
trpy(Froby) is the eigenvalue of T}, on f. Fixing an identification of the residue field
of Q, with Fy, we obtain a representation

ﬁf G — GLQ(F@)
defined as the semisimplification of the reduction of p;. It is natural to expect the

following generalization of Serre’s Conjecture to hold:

Conjecture 1.1. Suppose that p : Gx — GLo(Fy) is continuous, irreducible and
totally odd. Then p is isomorphic to py for some Hilbert modular eigenform f.

The aim of this paper is to formulate a refined conjecture over K along the
lines of Serre’s refinement for the case K = Q, at least in the case where the
prime £ is unramified in K. The main difficulty is in specifying the weight, where
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we encounter several subtleties not present in Serre’s original work. Note first of
all that there is no obvious notion of a minimal weight. Moreover the possible
weights and level structures at primes over £ are intertwined, and, contrary to the
case K = Q, one does not always expect a representation as in Conjecture 1.1 to
arise from a classical Hilbert modular form of level prime to ¢. Indeed, the mod ¢
representation attached to such a form has determinant equal to the product of
a finite order character unramified at ¢ and some power of the mod ¢ cyclotomic
character, and it is not hard to construct a mod ¢ Galois representation whose
determinant is not of this form. To deal with these issues, we introduce the notion
of a Serre weight, namely an irreducible F,-representation o of GLy(O/f), and
define what it means for p to be modular of weight o. Such a notion of weight is
implicit in work of Khare [19] for classical modular forms and Ash and others [2],
[1] in the context of GL,, over Q. Our aim is to describe all possible Serre weights
and level structures of forms giving rise to a representation p.

Our weight conjecture (Conjecture 3.12 below) then takes the form of a recipe
for the set of weights o for which p is modular. This recipe is given in terms of the
local behavior of p at primes over £. We show (Theorem 3.15) that Conjecture 3.12
can be deduced from known results on Serre’s Conjecture in the case K = Q. It
is supported for other fields by numerical evidence collected by one of the authors,
Dembélé and Roberts [9] in the case K = Q(v/5), £ = 3, and by theoretical evidence
provided by results of another of us [18] on level lowering at ¢ and of Gee [16] on
companion forms.

Loosely speaking, Conjecture 1.1 can be thought of in the context of a mod ¢
“Langlands’ philosophy”, with Conjecture 3.12 predicting a local-global compati-
bility at primes over £. An interesting feature of the recipe for the weights is that if
¢ is inert in K and p|g «, is semisimple, then the set of weights that we associate to
p are the Jordan—Hoélder factors of the reduction of an irreducible irreducible Q,-
representation of GL2(O/f). This is proved in [11], where it is further shown that
this association establishes a natural correspondence between 2-dimensional Galois
representations of a local field in its residue characteristic and representations of
GL5 of its residue field in characteristic zero.

This paper is structured as follows. In §2 we introduce the notion of a Serre
weight, explain what it means for p to be modular of a given Serre weight, and
relate this notion to the existence of Hilbert modular forms f such that p ~ py.
In §3 we formulate Conjecture 3.12 giving a recipe for the set of Serre weights
for which p is modular. Finally, in §4 we use this recipe to formulate a refined
conjecture over K (Conjecture 4.1) in the spirit of [12] and [19] which predicts all
possible collections of local behavior of automorphic representations corresponding
to forms of weight (2,...,2) giving rise to p.

Acknowledgements: NSF, RLT, Florian Herzig, Michael Schein

2. SERRE WEIGHTS
Suppose K is a totally real field and let O denote its ring of integers. Let ¢ be

a prime unramified in K and consider

G = GL2(0/L0) = [[ GL2(O/p).
ple
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A Serre weight is an isomorphism class of irreducible F-representations of G. These
can be described explicitly as follows. For each prime p of K dividing ¢, set k, =
O/p, fo = kp : F¢] and let S, be the set of embeddings 7 : k, — F,. Then every
irreducible F,-representation of GLa(ky) is equivalent to one of the form

Vﬁ’g = ® (det “™ @y, SymbT_lkﬁ) ®, Fy,

a
TESy

where a,, by € Z and 1 < b, < £ for each 7 € S;,. Moreover we can assume that
0 <a, <{€—1 for each 7 € S, and that a, < £ — 1 for some /¢, in which case
the resulting (¢/» —1)¢/» representations V. ; are also inequivalent. The irreducible
representations of G are thus of the form V= ®@{p|¢} Vp, where the tensor product

is over F; and each V,, is of the form V ; for (@, b) as above.

Fix once and for all 7 € Sk . Suppose that D is a quaternion algebra over K split
at 7 and at no other infinite places. Fix an isomorphism D @k, R = M3(R); this
induces an isomorphism of (D ®, R)* with GLy(R), which acts on $* := C\R in
the usual way. Consider K as a subfield of R (and hence of C) via the embedding
7. If A{( denotes the finite adeles of K and U is an open compact subgroup of
(D ®K Af()X then there is a Shimura curve Yy over K, a smooth algebraic curve
whose complex points (via 7 : K — C) are naturally identified with

D\ ((D &k Af)* x 9%) U

and such that Yy is a canonical model for this space, in the sense of Deligne. A note
for worriers: there is more than one convention for these canonical models. To fix
ideas, we shall follow the conventions of Carayol in [5] and in particular our “Hodge
structure” h will be that of section 0.1 of [5]. This corresponds to the choice e = —1
in the notation of [8]. See Section 3.3 of [8] for a discussion of the (few) differences
between this choice and the other natural choice.

If U’ is a normal compact open subgroup of U, then the natural right action
of U/U’ on Yy is defined over K. If K = Q and D is split, we let Xy denote
the standard compactification of the modular curve Yy ; otherwise we simply set
Xy = Yy. Then Xy is a smooth projective algebraic curve over K. Note that
Xuv, considered as a scheme over K, will be connected (see section 1.3 of [5]) but
not in general geometrically connected. Note also that, with notation as above, the
natural action of U/U’ on Yy extends to an action on Xy.

If U is a compact open subgroup of (D Qg A};)X as above, then let Pic(Xy)
denote the identity component of the relative Picard scheme of Xy — Spec(K).
If Ky denotes the global functions on Xy then Ky is a finite abelian extension
of K, the curve Xy is geometrically connected when regarded as a scheme over
Spec(Ky), and Pic’(Xy) is canonically isomorphic to the restriction of scalars of
the Jacobian of Xy /K. In particular, Pic’(Xy) is an abelian variety over K.

If U again is as above, and if there is an isomorphism D ®q Q; = M>(K ® Q)
such that U contains the pre-image of GL2(O ® Zy), then we say that U has level
prime to £. In this case, the natural map U — GL2(O/¢O) = G is a surjection.
Let U’ denote its kernel. Then U/U’ = G acts naturally on the right on Xy and
hence naturally on the left on Pic’(Xy) and Pic®(Xy)[f].

Definition 2.1. Suppose that p : Gx — GLa(Fy) is a continuous, irreducible,
totally odd representation and V' is a Serre weight. Then p is modular of weight
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V' if there is a quaternion algebra D over K split at the primes above £, at T and
no other infinite places of K, an open compact subgroup U of (D ®x A};)X of
level prime to £, such that (with notation as above) p is a sub-F,Gx-module of
(PicO(XU/)[E] ® V)G, where G acts diagonally on the tensor product, and Gx acts
trivially on V.

We now relate this notion of modularity to the existence of Hilbert modular
forms giving rise to p. First recall some background on Hilbert modular forms and
Jacquet-Langlands. . .

Note that our chosen embeddings Q — C and Q — Q, and identification of the
residue field of Z, with F, allow us to identify Sx with Up|¢Sp-

Proposition 2.2. Suppose that k € Z5% with each k; > 2 and of the same parity.
Let w = max,eg, {k: —2}. Then p ~ py for some Hibert modular eigenform of

weight k and level prime to £ if and only if p is modular of weight V' for some
Jordan-Holder constituent V' of

® ® det *(kTer)/?Syka*zkg ®, Fy.
ple TES,

Proof. Sketch: Suppose p modular of weight V. For sufficiently small U define
a lisse sheaf Fy on Xy, a Jordan-Holder constituent of f,;/ﬁf,; where F7 is the
l-adic sheaf used by Carayol [6]. Check that the natural Galois/Hecke-equivariant
maps
. G
HY(Xp 5 Fv) — (Pic’(Xu) [ @ V)
Hit(XU,?’]:E)/g - Helt(Xu,?a}-;;/e)
have Eisenstein kernel and cokernel as do obstructions to devissage. Let m be the

usual maximal ideal in a Hecke algebra generated by good operators. Deduce that
m is in the support of H}, (XU,?7 F3) and use Jacquet-Langlands to conclude that

p is modular of weight k. The argument works in reverse except that if [K : Q] is

even, you have to combine Jacquet-Langlands with Taylor’s level-raising result in
[24] to switch to a quaternion algebra ramified at a finite place. O

We can furthermore predict the local behavior at primes over ¢ of the automor-
phic representations of weight k£ giving rise to p. Recall background on types. ..

Proposition 2.3. Suppose that k € Z5% with each k; > 2 and of the same parity.
Let w = max,egs, {k- —2}. For each p|¢, suppose that 1, : U, — AUthTp is a type

and let Ty, be the semisimplification of the reduction of Indg‘{”(K“)fp, viewed as an
F[GLa(kp)]-module. Then the following are equivalent:

e p ~ p. for some cuspidal holomorphic weight k automorphic representations
7 of GLa(Ak) such that m, has type 1, for each p|L.
e p is modular of weight V' for some Jordan-Holder constituent V' of

® Tp ® ® det *(k7+w)/28ymk’72k§ ®, Fy
ple TES)

Proof. Essentially the same as preceding proposition, but need the following re-
finement of Taylor’s level-raising result. O
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Lemma 2.4. Suppose that [K : Q] is even and 7 is a cuspidal autororphic rep-
resentation, holomorphic of weight k. Then there is a prime q of K not dividing ¢
and cuspidal automorphic representation w', holomorphic of weight E, such that

® Pn ™ Pris

o T4 is an unramified special representation;

e T, is of the same type as m, for each pl|l.

Recall that for K = Q, every modular p arises from a form of some level prime
to ¢ and weight k£ > 2. Moreover, after twisting p, one may take the weight k
satisfying 2 < k < £+ 1 (see [13]). This is false for larger K, at least if [K : Q]
is even and ¢ is odd. (See [9] for examples with K = Q(+/5) and ¢ = 3.) On the
other hand, it is still the case that every modular p arises from a form of weight
(2,...,2) and some level not necessarily prime to £. Moreover, after twisting p, we
can assume the form has level dividing nf for some n prime to £.

Corollary 2.5. The following are equivalent:

(1) p~ py for some Hilbert modular eigenform f;

(2) p~py for some Hilbert modular eigenform f of weight (2,...,2);

(3) xp ~ py for some character x and Hilbert modular eigenform f of weight
(2,...,2) and level dividing nl with n prime to £.

(4) p is modular of weight V' for some Serre weight V.

Proof. Sketch: (3) = (2) = (1) is clear.

(1) = (4) clear from Proposition (and multiplication by Eisenstein series in the
case of partial weight 1).

(4) = (3): Check that every V, is a Jordan-Holder constituent of a tamely ramified
principal series or special type (eg formulas in [11]). Proposition then shows p is
modular of that type. Twist both sides to get conductor dividing ¢. (Note that n
might get bigger, unlike the K = Q case.) O

For 7 € Sy, we denote by w; the fundamental character of I, defined by compos-
ing 7 with the homomorphism I, — ke gotten from local class field theory (with
the convention that uniformizers correspond to geometric Frobenius elements). We
then have the following compatibility among determinants, central characters and
twists.

Corollary 2.6. (1) If p is modular of weight V and V has central character
®ple[1es, 75 then

41
detplng, = [T i
TES)

for each p|e.
(2) Let x: Gg — sz be such that x|r,, = HTeSp wer for each p|l. Then p is
modular of weight V' if and only xp is modular of weight V ® V)., where

Vi =) X) det "k . Fy.

pl¢ TES,
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3. THE WEIGHT CONJECTURE

Suppose that p : Gx — GLo(F,) is continuous, irreducible and totally odd. The
aim of this section is to provide a conjectural recipe for the set of V such that p is
modular of weight V.

For each prime p of K dividing ¢, we will define a set of representations W, (p) of
GLa(ky) depending only on p|r, , and then define the conjectural weight set W (p)
as the set of Serre weights of the form @,V with V, € W, (p).

We need some more notation before defining Wy (p). With our prime p dividing
¢ fixed for now, we write simply %k, f and S for k,, f, and S,. Fix an embedding
K — K, and identify D = Gk, and I = Ik, with subgroups of G. Let K{J
the unramified quadratic extension of K, in K, and let &’ denote its residue field.
We let S’ denote the set of embeddings k' — Fy, let D' = GKL and define a map
7:8" =S by — 7.

Suppose that L C fp is a finite unramified extension of K, and ¢ is an embed-
ding of its residue field O, /¢Oy, in FZX . We denote by w, the fundamental character
of I = Iy, defined by composing o with the homomorphism I;, — (Or/¢O1)* gotten
from local class field theory.

In defining W, (p), we treat separately the cases where p|p is irreducible and
where it is reducible. If p|p is irreducible, we define W, (p) by the following rule:

bW(T/)
11 w 0
7 J !
p|1 ~ HTESO‘)‘IO:T ( Te T bW(T’)

(1) 0 Hr’gé] W

Vig €Wilp) = N
for some J C S’ such that 7 : J—S.

Since p is irreducible, there is a character £ : D' — F; such that p|p ~ Indg,f.
We define

W& = { (Ve D)1 8 ms I8, €l = [Jwir ] w0
Tel T'eJ

Thus Wy, (p) ={V |(V,J) € W(&) for some J }. (Note that replacing & by its con-
jugate under D/D’ replaces J by its complement.) We shall see that the projection
maps W'(§) — Wy(p) and W'(¢) — {J C §"|x : J—>5} are typically bijections,
so that [W,(p)| = 27. '

We now choose an element of S’ which we denote 7, and then let 7] = 7 o Frob;
and 7; = 7(7]). Note that S ={r;|i € Z/fZ} and S" = {7/ |i € Z/2fZ }. Letting
W = wr, and ' = wy, we have w,, = W, Wy = ()" and w = (w’)lf“'l. Note that
€lr = (w)" for some n mod ¢*) — 1, and since p|p is irreducible, n is not divisible
by ¢/ +1.

For B C{0,...,f -1}, let Jp ={7]li € B}U{r;;li ¢ B}. Ifa € Z/(¢f - 1)Z,
b= (bo,...,bp_1) with each b; € {1,...,£} and B C {0,...,f —1}, let

g =altd + 1)+ bl Y bt mod 27 — 1.
i€B igB

Then W'(€) is in bijection with the set of triples (a,b, B) as above with n =
n' ; p mod ?*f — 1. Now note for each B C {0,..., f — 1}, there is a unique such

a‘?’
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triple for each solution of
n= Zbiﬁi — Zbiﬁi mod ¢/ + 1.

icB i¢B
with bg,...,bs—1 € {1,...,¢}. But the values of b;¢* — > igB b;¢* are the ¢/ consec-
utive integers from n'y — ¢/ to ny — 1 where

nly = Zwl - Zﬂ' +1,

ieB i¢B
so there is a solution as long as n # n/; mod £/ + 1 and this solution is unique. We
have thus shown that W’ (€) is in bijection with the set of B such n # n/y mod £/ 41;
moreover the projection W’(§) — {J C S |r : J—>S} is injective.
Note that if f is odd and B is either {0,2,...,f — 1} or B ={1,3..., f — 2},

then n’z = 0 mod ¢ + 1. To see that the converse holds as well, observe that

g.f—1_1<n/ <gf+1_1
(-1 —B= -1

Thus if n’3 = 0 mod £ + 1, then n’y = 0 or ¢/ + 1. If n’y = 0, then solving
> =3 "0+ 1=0mod (7
i€B igB
by induction on r, we find that f is odd and B = {1,3,...,f — 2}. Similarly if
n'y =47 +1, then f is odd and B = {0,2,..., f — 1}.
We now show that if f is even, then the 2/ values of n’y mod ¢/ + 1 are distinct.
First note that

—(F+1) < —¢ <200 4 1).

np=—1+(+1) Y (=1)"¢ mod & +1,
i€B*
where B* = ({0,2,..., f=2}NB)U({1,3,..., f=1}\B). Thus nl; = ny, mod ¢/ +1
if and only if
d (=)= (-1 mod (¢ +1)/d,
i€B} i€B}
where d = ged(¢ 4+ 1,47 + 1) < £ — 1. But these two sums differ by at most
(¢F —1)/(£—1) < (¢ +1)/d, so the above congruence holds if and only if equality
holds, in which case B} = B3, so B; = Bs.
Next we show that if f and £ are odd, then the 2/ —2 non-zero values of ny mod
¢f +1 are distinct. In this case we have
ng=(L+1) Y (~1)"¢ mod & +1,
icB*
where B* = ({0,2,..., f—1}NB)U({1,3,..., f=2}\B). Thusnly, = nlz, mod ¢/ +1
if and only if
(=D =D (-1 mod (¢ +1)/(£+1).
i€B} i€B
But these two sums differ by at most (¢/ —1)/(¢ —1) < 2(¢f +1)/(£ + 1), so if the
above congruence holds then either equality holds, in which case B; = Bsy, or

f-1
SN = (=) (1)
i=0

i€B} i€B;}
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exchanging B; and By if necessary. Solving mod¢" inductively on r, we see that
the only possibility is that B} = () and B = {0,1,..., f—1}, but these are precisely
the cases where nz = 0 mod ¢/ + 1.

Finally suppose that f is odd and ¢ = 2. In this case we have

np =3 (~1)"2" mod 2/ +1,
i€B*
where B* = ({0,2,...,f —1}NnB)U({1,3,...,f — 2} \ B). In particular nlz =
0 mod 3. Moreover we have the inequality |nj; — ng | < 3(2 + 1), showing that
each congruence class mod?2f + 1 arises as np for at most 3 values of B. It follows
that each of the (2 — 2)/3 non-zero multiples of 3 mod 2/ + 1 arises as n'y for
exactly 3 values of B.
We have thus proved the following propositions:

Proposition 3.1. Suppose that £ is odd. If f is even, then the congruence classes
mod¢f + 1 of the form

14 (+1) > (-1
i€B*
are distinct and non-zero as B* runs through all subsets of {0,1,...,f —1}. If f
is odd, then the congruence classes mod¢f + 1 of the form

(C+1)) (-1
ieB*
are distinct and non-zero as B* runs through all non-empty proper subsets of
{0,1,...,f —1}. Letting A denote the set of such classes in each case, we have

{Qf, ifng A,

WHOI=1 o 1, ifneA.

Proposition 3.2. Suppose that £ = 2. Then

2f — 1, if f is even,
w'©l=4q 2/, if f is odd and 3t n,
2f —3, if f is odd and 3|n.

-

Multiple B can occur with the same (a,b); for example if f = 3 and n = 1, then
(0,(1,¢,1),{0,1}) and (0, (1,4,1),{0,2}) are both in W'(§), so the map W'(§) —
Wy (p) is not injective. (In this case in fact, |W/(£)| = 8, but [W,(p)| = 6.)

Proposition 3.3. The map W'(§) — Wy(p) fails to be injective if and only if
¢'n = m mod ¢ + 1 for some integers r,m with |m| < £(¢/=2 —1)/(£ —1).

Proof. Suppose first that W/ () — W,(p) is not injective. This means that for
some a, b and By # Bs, we have

L 2f
(2) NEN g =05 mod ¢ 1.
First we note that By cannot be the complement B of By in {0,..., f —1} since
/ — pf 7 / 2f
" 5B, = 14 .5, e ", 5B, mod ¢ 1

would imply n = 0 mod ¢f +1, contradicting the irreducibility of p|p. We thus have
Jy # 8"\ J1, where J; = Jp, and Jo = Jp,. We may therefore choose ¢t € Z/2fZ
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so that 7/_; € Ji \ J2 and 7/ € J1 N J3. We then have
oty =

= = 2f _
=Ny 5o = "o 5.8y mod ¢ 1,

where @’ = (~ta mod ¢/ — 1, b, = bi 1t mod ¢ for i € {0,.

..,f —1} and B, is such
that Jg, = J, 0 Frobfﬁt for v = 1,2. Replacing n with ¢/ ~*n, we may thus assume

that T]/c_l € Ji1\Jz and T}/c € J1NJa, or equivalently, f—1 € B1\ By and 0 ¢ B1UBs.
Returning to the congruence (2), we have

S bl 00N bt

= > bl + £ bt mod 27 — 1,
i€B1 i¢B1 i€B3 iZBo
or equivalently,
Sobli= > bl mod ! +1.
1€ B1\ B2

i€ B\ B

Since each sum is less than 2(¢f 4 1), they must either be equal or differ by ¢/ + 1,
and since 0 ¢ By U Bs, each sum is divisible by /¢, so in fact equality holds. Since
f—1¢€ By \ By, we have

f—1
bt/ TN YT bl = Y bl <y <2/
i€B;1\ B2 2

i€B2\By i=
so by_1 = 1. Moreover if by_g,bf_3,...,bs are all less than ¢, then we must have
byfo=bz3=--=b;=~¢—1and f—2,f—3...,s—1¢€ By\ By, for if either
fails, we find that
-2 s—1
Yool <(-1)> 4> <
1€ B2\ By i=s i=2

follows that

Since 0 ¢ Bs \ By, we conclude that for some s with 0 < s < f — 1, we have
(bsybsg1, ... bpo1) = (4,0 —1,...,4—1,1) and s,s + 1,.

..7f—2€Bg\Bl. It

n= Y bill = bl

1€ By

Dbl = > bt mod ¢ +1,
iZ By 1€B1,i<s iZ€B1,i<s
and this last difference has absolute value at most £(¢/=2 —1)/(£ — 1).
Conversely suppose that £"n = m mod ¢/ + 1 for some i, m with |m| < (472 —
1)/(¢ — 1). Replacing r by r + f if necessary, we may assume m > 0 and then
-1

<m<e t71
(—1 ==
for some s with 0 < s < f — 1. We can then write

s—1

'n=a(t! +1)+ ) bl mod (7 — 1
=0
for some a € Z/(¢7 —1)Z and by, by,

,bs—1 € {1,...,£}. We then have
'n= Ny 5B, = "B, mod 2/ — 1,
where b = (bo,b1,...,bs_1,0,0—1,....0 —1,1), B = {0,1,...,f — 2} and By =
{0,1,...,s— 1, f —1}. We conclude that
n= n;/j,’B, =n'

2f _
/ o' 7B, mod ¢ 1,
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where a’ = £~"a mod £ — 1, b} = b;1r moa ¢ for i € {0,..., f — 1} and B, is such
that Jp, = Jp, o Frob,” for v =1,2. ]

0
corresponding class in H' (K, Xlxgl). Consider now the set of pairs

W (x1,x2) ={ (Vz 5o DT C Soxalie, = [Tws [T wimoxelie, = [T wi [ w¥ b
TES TeJ TES TEJ

Now suppose plg,, is reducible, write p|q,  ~ (Xl ;) and c, denote the
2

(Note that interchanging x; and x2 replaces J by its complement.) We shall see
that the projection map mo : W'(x1,x2) — {J C S} is typically a bijection,
so that |[W'(x1,x2)| = 2/. However W,(p) will be defined below as a subset of
T (W'(x1,x2)) depending on c,.

We now analyze the set W’ (x1, x2) in a manner analagous to the irreducible case.
We write x, = w™ with n, € Z/(¢/ —1)Z for v = 1,2, and we let n = ny — ny. If
a€Z/(Wf—1)Z, b= (by,... by 1) witheachb; € {1,...,0} and B C {0,..., f—1},
let

Nagp =0+ Y bit' modt/ —1.
ieB
Then W'(x1, x2) is in bijection with the set of triples (a, b, B) as above with ny =
n; i mod ¢/ — 1 and ny = n:l i 5 mod ¢/ — 1 where B is the complement of B in

{O; L ,f —1}. Note that for each B C {0,..., f — 1} there is a unique such triple

for each solution of
n= Zbiﬁ — Zbiﬁ mod ¢ — 1.
i€B i¢B
with bo,...,bp—1 € {1,...,£}. But the values of b;¢* — ZieB b;l* are the ¢/ consec-
utive integers from ng + 1 — ¢ to np where

ng = Z£i+l _ Z£i7
i€B i¢B
so there is a unique solution if n # ng mod ¢f — 1 and two solutions if n = ng mod
¢/ — 1. In particular the projection W’(x1,x2) — {J C S} is surjective and
W' (x1,x2)| = 2f + |[{ B|n =np mod ¢/ —1}|.

We now show that if f is odd, then the 2/ values of ng mod ¢/ — 1 are distinct,
unless £ = 2 or 3, in which case nyo,.. r—1y = ng mod ¢ —1 and the rest are distinct.
First note that

ng=—-14+{+1) Z (=1)% mod ¢/ —1,

ieB*

where B* = ({0,2,..., f-1}nB)U({1,3,..., f—2}\B). Thus ng, = ng, mod ¢ —1
if and only if

Z (-1t = Z (=1)"* mod (¢ —1)/d,

i€ B} i€B}
where d = ged(¢+1,47 —1). If £ > 3, then d = 2 and the two sums differ by at most
(¢ —1)/(¢ —1) < (¢/ +1)/d, so the above congruence holds if and only if equality
holds, in which case Bf = B3, so By = By. If £ = 2 or 3, then d = ¢ — 1, but the
two sums differ by (¢/ —1)/(¢ — 1) only when one of B; or By is {0, ..., f — 1} and
the other is empty.
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Now consider the case where f is even and ¢ > 3. We then have

np=((+1) Y (~1)"¢ mod ¢/ —1,
1€EB*
where B* = ({0,2,..., f-2}nB)U({1,3,..., f—1}\B). Thusng, = ng, mod £/ —1
if and only if

(=D =D (-1 mod (¢ —1)/(L+1).

i€B} i€B}

But these two sums differ by at most (¢/ — 1)/(¢ — 1), which is less than 2(¢f —
1)/(£ + 1). So if the above congruence holds then either equality holds, in which
case By = Bs, or

f-1
DIV SIS SES

i€Bj i€ B}

exchanging B; and By if necessary. Solving mod¢” inductively on r, we see that
the only possibility is that Bf = @ and B = {0,1,...,f — 1}, in which case
np, =0 mod ¢/ — 1.

If f is even and ¢ = 3, then the situation is the same, except that we have
(¢F —1)/(t—1) =2(¢/ —1)/(£+1), so in addition to the possibilities that arose for
£ > 3, we have

Njo,...f-1} =Ny = (ff —1)/2 mod -1

as for odd f.
Finally suppose that f is even and ¢ = 2. In this case we have

np=3Y (-1)2"mod 2/ -1,
i€B*

where B* = ({0,2,...,f —1}nB)U ({1,3,...,f — 2} \ B). In particular np =
0 mod 3. Moreover we have |np, — npg,| < 3(2f — 1) with equality possible only
when one of By or By is {0,...,f — 1} and the other is empty, in which case
np, = 0 mod 27 — 1. Thus each non-zero congruence class mod2/ — 1 arises as np
for at most 3 values of B, while 0 arises for at most 4. It follows that each of the
(27 — 4)/3 non-zero multiples of 3 mod 2/ — 1 arises as np for exactly 3 values of
B, while 0 arises for exactly 4 values.
We have thus proved the following propositions:

Proposition 3.4. Suppose that ¢ > 3. If f is odd, then the congruence classes
mod¢f — 1 of the form

14 (+1) ) (-1
i€B*

are distinct and non-zero as B* runs through all subsets of {0,1,...,f —1}. If f
is even, then the congruence classes mod¢f — 1 of the form

(C+1)) (1)

i€ B*
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are distinct and non-zero as B* runs through all non-empty proper subsets of
{0,1,...,f —1}. Letting A denote the set of such classes in each case, we have

27 42, ifn=0 and f is even,
W' (x1,x2)| =< 27 +1, ifneA,
2f otherwise.

Proposition 3.5. Suppose that ¢ = 3. If f is odd, then the congruence classes
mod3/ — 1 of the form

—144 ) (-1
ie B
are distinct and non-zero mod (¢f —1)/2 as B* runs through all subsets of {0,1,..., f—

1} other than {0,2, ..., f—1} and {1,3,..., f—2}. If f is even, then the congruence
classes mod3f — 1 of the form
43 (=13

ieB*

are distinct and non-zero mod (3 —1)/2 as B* runs through all non-empty proper
subsets of {0,1,..., f —1} other than {0,2,..., f—2} and {1,3,..., f —1}. Letting
A denote the set of such classes in each case, we have

2/ +2 ifn=0 and f is even, orn = (41 —1)/2

|W/(X1’X2)| = 2f+17 Z'fTLEA}

2f, otherwise.

Proposition 3.6. Suppose that £ = 2. Then

2f +4, ifn=0 and f is even,
27 +3  ifn#0, 3|n and f is even,

W' (x1,x2)| =< 2/ +2, ifn=0 and f is odd,
27 +1, ifn+#0 and f is odd,
2/, if 3tn and f is even.

-

As in the irreducible case, multiple B can occur with the same (a,b).

Proposition 3.7. The map W' (x1, x2) = Wy(p) fails to be injective if and only if
"'n =mmod ¢ — 1 for some integers r,m with |m| < £(6F=2 —1)/(¢ - 1).

Proof. Suppose first that W’/ (x1, x2) — Wy (p) is not injective. This means that
for some a, b and By # By, we have

pr— P— - f —
n=n =n,7 5, mod ¢ 1.

a,g,Bl

We can assume n # 0 mod ¢/ — 1, which implies that B, is not the complement
of B;. We can then assume f —1 € By \ By and 0 ¢ (By \ B2) U (Bg \ By) after
multiplying n by a power of £ as in the irreducible case. The rest of the argument
is then exactly as in the irreducible case, except that

dSobli— D bt =2 1)
1€ B1\ B2 1€B3\ B

is possible if £ = 2, but this forces n = 0 mod ¢/ — 1. (]
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For each pair a = (V. 7, J) € W'(x1, x2) we shall define below a subspace L, C

HY(K,,Fe(x1x5 ")) of dimension |.J| 4§, where § = 0 except in certain cases where
X1Xa 1 is trivial or cyclotomic. We then define W, (p) by the following rule:

V.5 € Wy(p) if and only if ¢, € L, for some oo = (V; 3, J) € W' (x1, x2)-

Before defining the subspace L, we recall some facts about crystalline represen-
tations. Recall that a character ¥ : D — Q[X is crystalline if and only the filtered
¢-module Derys(1) = (Berys ®q, Qu(1))P is free of rank one over K, ®q, Q,.

For each 7 € 5, let e, : K, ®q, Q, — Q, denote the projection defined by
a®b — 7(a)b where 7 is the embedding K, — Q, reducing to 7, and let e, Derys (1)
denote the filtered Q,-vector space Deyys(1)) ® KeQ,r Q,.

Lemma 3.8. Suppose that ¢ is a crystalline character and for each T € S, m; is
the integer such that gr="""e; Derys(1) # 0. Then |1 = [, cqgwir.

Proof. Such crystalline characters satisfying the first condition correspond to (weakly)
admissible filtered ¢-modules with the specified filtration. These exist, and any two
such differ by an unramified twist. Taking tensor products, the lemma reduces to
the case where m, = 1 or 0 according to whether or not 7 = 79. The result in this
case follows for example from Theorems 5.3 and 8.4 of [15]. g

Recall that o = (V 3, J) € W'(x1, x2) if and only if

_ ar [ _ ar b,
Wl = [T TTo% ol = [To5 [T

TES TEJ TES TE&J

Lemma 3.9. Suppose that o = (V.

a‘7

pd) € Wixi,x2). Let mro = b or —b;
according to whether or not T € J. Then there is a unique lift x, of X1X2—1 with
the following properties:

® Yo s crystalline with gl'_m're-,—Dcrys(Xi,a) # 0 for each T € S;
e if g € D corresponds via local class field theory to £, then Xxo(g) is the
Teichmiiller lift of x1x5 ' (g)-

Proof. Let 1) be a character satisfying the first condition. The preceding lemma
shows that the reduction of v is an unramified twist of x1x5 . Let xo = 6¢, where

5(g9) = X1xz (9~ (g). O

Recall that if ¢ : Gk, — QZ is a crystalline representation, then Bloch and Kato
define a subspace H}(Kp765(w)) corresponding to those extensions of topological
Q,Gk,-modules

0—- Q) = E—Q,—0
which are crystalline. By Corollary 3.8.4 of [3] for example, we have
dim H} (K, Q,(¢)) = dim HO(K,, Q,(v)) + dim Derys(¢) — dim Fil° Derys ()

where the dimensions are over Q,. Applying this for ¢ = x, for a = Vepd) €
W' (x1, x2), we see that dim H }(Ky, Qy(xa)) = |J|. We then define H}(Ky, Ze(Xa))
as the preimage of H}(K;,,Qg(xa)) under the natural map

H'(Ky, Zy(xa)) — H' (K, Qulxa))
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and L/, as the image of H}(Kp,Zg(xa)) under the natural map
Hl(KWzZ(Xa)) - Hl(KpaFZ(Xle_l))-

We then let L, = L/, except in two cases:

o if X1X§1 is the cyclotomic character, b= (4,...,0) and J = S, then we let
Lo = H"(Kp, Fexixa 1))

o if X1X2_1 is the trivial character and J # S, then we let L, = L/ + Ly,
where Ly, is the one-dimensional space of unramified classes in H* (Ky, Fg).

Lemma 3.10. If a = (V,
following cases: ’
(1) if x1x5 " is cyclotomic, b= ((,....0), J =S and { > 2, then dim Lo =
|J|+1;
(2) if x1x5 " is trivial and £ > 2, then dim Ly = |J| 4+ 1 or |J| 4+ 2 according to
whether or not Ly, C L, ;
(3) if xax3 " is trivial (or equivalently, cyclotomic) and £ = 2, then dim L, =
|J| + 1 unless either Ly ¢ L., orb = (,...,0) and J = S, in which case
dim Ly, = |J] + 2.

) € W(xi,x2), then dim L, = |J| except in the

Proof. Note first that H}(Kp7z@(xa)) contains H'(Ky, Z¢(Xa))tor and that the
quotient is free of rank |J| = dim H} (Kp, Q(Xa)). Therefore the natural map

Hi(Ky, Zi(xa)) ®z, Fr — H' (Ky, Zi(xa)) ©7, Fo — H' (Kp, Fo(xixz )

is injective and its image L/, has dimension |J|, unless x1x5 1is trivial, in which
case the dimension is |J| + 1. The lemma is now immediate from the definition of
L, and, in the cyclotomic J = S case, the local Euler characteristic formula. [l

If P|GKP ~ (%1 ;;) and ¢, is the corresponding class in Hl(Kp,Fg(mxgl)),

we now define
(3) Wy(p) ={V|c, € Ly for some a = (V,J) € W'(x1,x2) }-

Note that if p[G,, ~ X1 @ X2, or equivalently ¢, = 0, then Wy (p) = m1(W'(x1, x2))
is independent of the choice of ordering of x; and x2. Note also in this case that
[Wy(p)| ~ 27 as in the irreducible case (1). (We remark that it is shown in [11] that
in the cases where p|c,, is semisimple, the set Wy (p) is related to the set of Jordan-
Holder constituents of the reduction of a corresponding irreducible characteristic
zero of GLa(k).)

The set W, (p) was defined in terms of the restriction of p to Gx,. We now check
that it is in fact non-empty and depends only on the restriction to inertia.

Proposition 3.11. If p : Gx — GLy(F) is continuous, irreducible and totally
odd, then W, (p) is non-empty and depends only on p|1Kp .

Proof. We first prove that W,(p) # 0. If plcy, is irreducible, then it is induced
from a character £, and Propositions 3.1 and 3.2 show that W'(§) is non-empty,
and hence so is Wy(p). (Note that if ¢/ = 2, then n is not divisible by 3.) If

P|GKP is reducible, then it is of the form <>61 ;), and we showed that the
2

projection map W'(x1,x2) — {J C S} is surjective. In particular, there is an
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element a = (V. 5, 5) € W'(x1,x2). Moreover if X1X3 ' is cyclotomic, we may

choose b = (¢,...,0), so that in all cases L, = Hl(Kp,Fg(Xlxgl)) by Lemma 3.10
and the local Euler characteristic formula. It follows that ¢, € L, and V. ; € Wy (p).
For the dependence only on inertia, first note that the irreducibility of ola K, 18
determined by plr,, . In the case that p|g,. is irreducible, Wy (p) is determined by
W'(£), which depends only on |y, , which in turn depends only on plr, .
Suppose now that plc,, is reducible and p’ : Gx — Gl (F¢) is such that

. *
Plix, ~ P'l1x, . Changing bases, we may assume plg,, = (%1 X2> and plr,, =

P|1, - Note that the function Gk, /Ix, — GL3(F) defined by g — p'(9)p(g9)~"
takes values in Z(p(/x,)). We divide the proof into cases according to the possible
centralizers.

Suppose first that xix5 s ramified and ¢, has non-trivial restriction to I, . In
this case p[s,, is indecomposable and has centralizer consisting only of the scalar

matrices. It follows that p’ = ¢p for some unramified character ¢ : Gg, — FZ .
Since W'(x1, x2) depends only on the restriction of x; and x» to Ix,, we have
W' (3x1,%x2) = W'(x1, x2). Moreover the subspaces Ly, of H'(K,,Fe(x1x5 ")) do
not change if p is replaced by an unramified twist, nor does the class c,. It follows
that Wy (p") = Wy(p).

Next suppose that x1x5 !'is ramified and ¢, has trivial restriction to I,. Then

in fact ¢, = 0, so we may assume p|GKF = (%1 )?) In this case the cen-
2
tralizer of p(If,) consists of the diagonal matrices. It follows that p[g,,

(¢1 x1 0
0 axe
¢y = 0 and W' (1x1,%2x2) = W (x1, X2), SO Wp(ﬁ’) = Wp(P)-
Next suppose that x1x5 !is unramified and ¢, has non-trivial restriction to I, .
In this case we have

2ot ={ (5 )

so if g € G, , then

> for some unramified characters v, and 1)5. Moreover we have

a:eFZ,yng},

v =( ") vialo

for some unramified character ¢ and cocycle . : G, /Ix, — Fe(x1x3 ). Tt follows
that if x1 # x2, then ¢,y = ¢, in H' (K, Fe(x1x5 ")), and if x1 = xa, then ¢,y —c, €
Ly;. Since the spaces L, are the same for p and p’ and contain Ly, if x1 = x2, we
conclude that W, (p") = W, (p).

Finally suppose that y1x; ' is unramified and ¢, has trivial restriction to Ik,

SO
o _(xa(g) 0
p'(g) = plg) = ( 10 X1(9)>

for g € Ik, . Note that ¢, = 0 unless x1 = x2, in which case ¢, € Ly,, and similarly
for ¢ . It follows that W, (p') = (W' (X1, x5)) = mi(W'(x1, x2)) = Wp(p). O

We are now ready to state the weight conjecture. Recall that W (p) is defined
as the set of representations of pr GL2(ky) of the form ®g, V, with each V€
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Wy (p). By the preceding proposition W (p) is non-empty and depends only on the
restrictions of p to inertia groups at primes over /.

Conjecture 3.12. If p: Gx — GLy(Fy) is modular, then
W(p) ={V |p is modular of weight V'}.

We now check compatibility of the conjectural weight set with twists and deter-
minants.

Proposition 3.13. Suppose that p : G — GLy(Fy) is continuous, irreducible and
totally odd.

(1) Let x : Gx — F, be such that Xk, = Il;es, w7 for each p|t. Then
Ve W(p) if and only V @ V,, € W(xp), where

VX = ®pw ®TESp det CTk'% ®7- F[.

(2) If V.€ W(p) and V has central character @y, Hresp T, then det plr,, =
I1 wer L for each p|t.

TES, T

Proof. To prove the first assertion it suffices to show that V' € W, (p) if and only
if V@V, € Wy(xp) where xp, = X|g,, and Vy, = @rcs, det "k @, Fp. If
Plax, ~ IndB,¢ is irreducible, then (V,.J) € W’(¢) if and only (V ® Voo J) €
X1

0
then a = (V,J) € W'(x1,x2) if and only o' = (V@ V,,,J) € W (x1xp, X2Xp)-
Moreover, since V_. @V, is of the form V(;,yg, we see that xo = Xa’, 850 Ly = L, C

W'(€xp), yielding the assertion in this case. If plg,, ~ ( is reducible,

HY(Ky,Fo(x1x3")). Since also ¢, = ¢, we get the assertion in this case as well.
To prove the second assertion, we can again work locally at primes p|¢. Writing
V' = ®y|¢Vp, we have V, € Wy (p) for each p|f. If Vi, = V5, this gives det p|r,,, =

[T;es, w2artbr - Since V, 7 has central character J[, cq r2a-+b-=1 e have
fo—1 ' fr—1 .
S enti= 3" (25, + by, — 1)6 mod (67 —1).
i=0 i=0

Adding Z{;al ¢* to each side of the congruence, we deduce that Il s, wertl =
IT w2artbr, O

TES 7T

Combining the first part of the proposition with that of Proposition 3.13, we
deduce the following:

Corollary 3.14. Suppose that p : Gx — GLy(Fy) is continuous, irreducible and

totally odd and x : Gx — F@X is a character. Then Conjecture 3.12 holds for p if
and only if it holds for xp.

In the case K = Q follows from known results on Serre’s Conjecture (cf. [19],

[2]).
Theorem 3.15. Conjecture 3.12 holds if K = Q.
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b
Proof. Replacing p by a twist, we can assume p|;, has the form (%2 w%b> or

b
(u()) T) for some b with 1 < b < ¢ — 1. In the second case we write p|GQE ~
0
In the first case we find that W(p) = {Vo s, Vo—1,e+1-5}. In the second case, we
have the following possibilities:

(X1 ; ) We shall also use w to denote the cyclotomic character on Gq or Gq,.
2

{(Vo.6,9), Vb e—1-5,0)}, ifl<b< (-2,
{(ng 1, )(Vog 1, )}, ifb:Z—land€>2,
W (x1,x2) =< {(Vo,S), (Vo,1,9), (Vi,e—2,0)}, ifb=1and £ > 3,
{(Vo,e=2,9), Vi—2,6,0), (Vi2,1,0)}, ifb=/¢—2and ¢ >3,
{(‘/O,Za ) (VO 15 ) (V1,£7®)7 (Vl,lam)}a ifb=1and ¢ <3.

Moreover, dimension considerations show that Ly, = H*(Gq,, F(x1x3 1)) when-
ever J = S, unless X1X2—1 = w and V = V|q 1), in which case the construction of
Ly, sy shows that the corresponding extensions arise from finite flat group schemes
over Zy, hence are peu ramifiées in the sense of Serre [23]. Considering dimensions
in this case then gives that Ly, ;) consists precisely of the classes which are peu
ramifiées. Note also that Ly ;) = 0 whenever J = () unless Xlxgl is trivial, in
which case we do not need an explicit description of Ly, jy. This gives

{Vou}, ifl<b<?¢—1and p\GQe is non-split,
{Vou, Voe—1-1}, ifl1<b<{—2and p\GQZ is split,
{(Vo,e—2, Vee2,0, Vion}, ifb=10—2, 0> 3 and p|gq, is split,
W(p) _ {VO,éfl}, ifb=¢—1and ¢ > 2,
{Vo,e}, if b=1, x1x3 = =w and plag, is trés ramifiée,
{Vo,e, Vo1, Vie—2}, if b=1,¢> 3 and p|gq, is split,
{V073, VO,17 V1,3, V171}, if b= 1, ¢ =3 and p|GQ[ is Split,
{Vo,e, Vo }, otherwise.

Propositions 2.2 and 3.13 show that p is modular of weight! b + 1 and level
prime to £ if and only if w**?p is modular of weight V, ;. If p is modular of weight
2 and level prime to ¢, then wp|GQe arises from a finite flat group scheme over Z,,
so it follows from results of Deligne and Fontaine ([13, 2.5,2.6]) and the explicit
description of W (p) above that if p is modular of weight V, then V € W (p).

To show that if V' € W(p), then p is modular of weight V, we combine the
following four results. The first of these is a standard consequence of multiplication
by the Hasse invariant (or Eisenstein series) of weight ¢ — 1.

Lemma 3.16. If p is modular of weight 2 and level prime to ¢, then p is modular
of weight £ + 1 and level prime to £.

The theorem in the irreducible case is then a consequence of the following result
of Edixhoven; see the second paragraph of [13, 4.5].

1Recall that our notion of modular of weight k uses the geometric conventions of [6]. Translating
from the arithmetic conventions of other authors introduces the twist by w*~! when citing their
results.
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Lemma 3.17. Suppose that p is modular of weight b+ 1 and level prime to £ with
2<b< /L If p\GQe is irreducible, then w®~'p is modular of weight £ + 2 — b and
level prime to £.

To treat the reducible case, we first apply Mazur’s Principle [13, 2.8].

Theorem 3.18. Suppose that p is modular of weight £ + 1 and level prime to £. If
p is not modular of weight 2 and level prime to £, then wp|GQ2 is a tres ramifiée

wX2
0

The theorem is then a consequence of the companion forms theorem, proved by
Gross [17], subject to unchecked compatibilities, then by Coleman and Voloch [7],
but under slightly different hypotheses than we need. Yet another proof was given
by Faltings and Jordan [14], whose version we cite:

representation of the form < * > for some unramified character xs.
2

Theorem 3.19. Suppose that p is modular of weight b + 1 and level prime to £
with 1 < b<{—2. If p|GQz is reducible and split, then wp is modular of weight
£ — b and level prime to ¢.

O

4. THE STRONG WEIGHT (2,...,2) CONJECTURE

Define 7, () to be the inertia type of m,. (This is the same as a type unless
Ty () is a twist of semistable, in which case the inertia type says whether the twist
is unramified or special.)

Define what it means for p, = p|g, to be compatible with an inertia type 7.
For p 1 ¢, this means p, has a lift whose restriction to I, corresponds to 7,. For p|¢
and 7, not twist of semistable, this means Tp has a Jordan-Hdélder constituent in
Wy(p). If 7 is twsit of semistable, then T, = Va1 ® V; pfor some a. If 7 is twist
of unramified, then p, is compatible with it if and only if V. € Wy(p). If 7, is a
twist of special, then p, is compatible with it if and only if 7

w
for some x such that x|;, =[], cgw$™, where w is the mod £ cyclotomic character
of G,. (Note that this is specifically geared to weight (2,...,2).)

Conjecture 4.1. Suppose that p : G — GLa(Fy) is continuous, irreducible and
totally odd. Suppose also that the restriction of p to Gg(u,) (resp. Gruy)) is
irreducible if £ = 2 (resp. £ = 3). For each prime p of K, let 7, be an inertia
type. Suppose further that 7, unramified for all but finitely many primes p. Then
there exists a cuspidal automorphic representation © of of weight (2,...,2) such
that p ~ pr and 7, = T, (m) for all p if and only if 7, is compatible with m,(p) for
all p.

Note that we’re assuming ¢ is unramified in K, otherwise we haven’t defined
compatibility for p|¢ since we haven’t defined W, (p). Also one would expect the
technical hypothesis to arise for £ such that K(u,)™ C K.

Some consequences:

Proposition 4.2. If the conjecture holds for p, then p is modular of weight (2, ...,2)
and level dividing nf2.
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Proposition 4.3. If the conjecture holds for K and ¢, then there are only finitely
many continuous, irreducible, totally odd p : G — GLa(Fy) of conductor dividing

n.

Proposition 4.4. If the conjecture holds for K and E is an elliptic curve over K,
then E is modular.

(1]
(2]
(3]
(4]
(5]
(6]
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